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PREFACE
This Proceeding contains the papers presented at the 11th Summer School Sofia ‘16,
which took place in Sofia, Bulgaria, between 15 and 16 Sept. 2016 in the framework
of the “Days of the Science of the Technical University of Sofia”. The Summer
School covers the advanced aspects of Theoretical Electrical Engineering and it is a
platform for postgraduate training of Ph.D. students and young scientists. During the
Summer School well-known experts presented some advanced aspects of circuits and
systems theory, electromagnetic field theory and their applications. Apart from the
educational part of the Summer School a presentation of original authors’ papers took
place.
The main topics of the Summer School Sofia’16 include Circuits and Systems Theory
and Applications, Signal Processing and Identification Aspects, Electromagnetic
Fields, Theoretical Concepts, Applications and New Approaches in Educating Theoretical Electrical Engineering. The Summer School Sofia’16 has been organized by
the Department of Theoretical Electrical Engineering of the Technical University of
Sofia with the main sponsorship of the Research and Development Sector of the
Technical University of Sofia.
This has been the eleventh edition of the event, after the Summer Schools in 1986,
1988, 2001, 2002, 2005, 2007, 2009, 2010, 2012 and 2014. The Summer School is
under the patronage of the International Symposium on Theoretical Electrical Engineering (ISTET) and it is a regular ISTET event. For the eleventh edition of the
Summer School the papers were collected and reviewed by 3 independent reviewers
by using the Easy Chair conference management system. There were 38 participants
at the Summer School this year. There were 4 plenary lectures and 28 regular papers
that are published in this Proceeding. Providing the recent advances in Theoretical
Electrical Engineering the Proceeding will be of interest to all researchers, educators
and Ph.D students in the area of Electrical Engineering.
Special thanks are due to the Research and Development Sector, Faculty of Automation and the Section of Social Services of the Technical University of Sofia about the
overall support of the event. We also would like to thank to the IEEE Bulgaria CAS
Chapter and the World Scientific and Engineering Academy and Society (WSEAS),
which also partially sponsored the event. We hope to meet again in the following edition of the Summer School to continue the good tradition and collaboration in the
field of Theoretical Electrical Engineering.
Organizing Committee
Sofia, October 2016
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COMPUTER MODELLING OF PROCESSES AND IDENTIFICATION
OF PARAMETERS IN ELECTROMAGNETIC SYSTEMS
Ilona Iatcheva
Department of Theoretical Electrical Engineering, Technical University of Sofia,
blvd.“St. Kliment Ohridski” 8, 1000 Sofia, Bulgaria, phone: +3592 965 3389,
e-mail: iiach@tu-sofia.bg,
Abstract: The work deals with theoretical background and possibilities for computer modelling of
the processes in different electromagnetic systems. The aim is on the basis of field simulations
to determine some specific for the device behaviour parameters and characteristics, whose
varying within certain limits, enables optimization of process control, increase the efficiency
and ensure reliable operation of the system. Examples are presented for determination of
electromagnetic field distribution in various devices and identification of some parameters and
characteristics, such as capacitances, inductances, magnetic fluxes, energies, forces and
others. The consideration of these topics is related to the education process and development of
student projects in the Master degree course in the specialty „Systems for energy saving
control”.
Keywords: computer modeling, finite element method, electromagnetic field, identification of parameters

1. INTRODUCTION
Specific feature in the development of modern technology is the use of CAD
(computer aided design) systems in the designing of various devices and systems,
which allows the creation and improvement of products with optimal parameters,
depending on their purpose and conditions of employment in order to obtain highquality, competitive, reliable and effective working devices. The bibliographic survey
shows that, the focus in nowadays research related to electromagnetic systems has
moving from analysis of the device performance towards its optimisation in order to
meet the needs and requirements specified by an user. Thus the most important task
of the design engineers is to produce a high-quality, market competitive products,
which ensure effective work with respect to given requirements and limitations.
Obtaining of final technical products is complicated synthesis process of detailed
investigations, optimisations, expert consultations and ranking [1,2].
The development and improvement of electromagnetic systems requires good
understanding of the electromagnetic processes in the devices and also ability for
determination and evaluation of the main design and working parameters,
significantly affected its behaviour. The varying of these parameters within certain
limits enables optimization, process control, increase of the efficiency and ensures
reliable operation of the system. The profound study and numerical modelling of the
electromagnetic processes and their subsequent optimization gives designers an
excellent possibility for control of the system parameters even in inaccessible for
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experimental investigation areas. The availability of knowledge and opportunities for
such investigations are essential for the future engineers who will create new and
modern devices. The consideration of such topics is related to the education process
and development of student projects in the Master degree course in the specialty
„Systems for energy saving control”.
The goal of the presented work is demonstration of modelling and investigation of
electromagnetic field distribution in electromagnetic devises. The main idea is using
correct field modelling to determine the key factors which significantly impact the
processes and desired output of the considered system. Related to this are presented
examples for determination of electromagnetic field distribution in various devises
and subsequent identification of some parameters and characteristics, such as
capacitances, inductances, magnetic fluxes, energies, forces and others is carried out.
Each of the considered tasks has been solved using the powerful numerical method –
FEM (finite element method), which helps the future engineers to estimate the great
advantages and possibilities of the numerical simulation of the processes, taking
place in the devise. Using this numerical method, the field distribution and different
quantities and characteristics can been easy obtained at any point or region of
observation. In order to prove the accuracy of the results, the examples have been
chosen, which can be solved also analytically.
In the present work, field distribution has been numerically modelled using
commercial software package QuickField 5.6, which is very suitable for initial stage
of education in numerical field modelling due to the clear and intuitively organised
interface of the programme.
2. SPECIFIC IN MODELLING OF THE PROCESSES IN ELECTROMAGNETIC SYSTEMS
The modelling of the process in electromagnetic systems is associated with a
precise analysis of the electromagnetic field distribution, as well as the determination
of a variety of different differential and integral characteristics and parameters such
as field vector and scalar quantities, inductances, magnetic fluxes, capacitances,
charges, energies, forces and others.
Accurate field distribution analysis in electrotechnical devices, which is based on
analytical methods, is possible only for fields in linear, homogenous media with
simple symmetrical borders, often applying many simplifications and idealizations.
The analysis and modeling of fields and processes in real devices, taking into
account the real complex geometry, presence of inhomogeneous and nonlinear
environments, and specific non-trivial source distribution, is built entirely on the
basis of numerical methods. Research and development of this scientific area is in
two main directions:
– Increasing the accuracy in analysis of the processes occurring in devices with
application of efficient numerical methods (finite element method, boundary element
method, some hybrid methods, etc.). The analysis is carried out on the bases of twodimensional or three-dimensional modeling of electromagnetic field, taking into
account its possible interactions with thermal and mechanical fields. The use of
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numerical methods enables detailed consideration of the actual geometry, nonlinear
material properties, nature of the sources changes and possible relationships between
the electromagnetic and the thermal and mechanical fields. Therefore are developed
mathematical models and corresponding software modules and packages, some of
which can solve most common formulated problems and others, which are objectoriented for solving some specific problems.
– Optimization of the existing devices and systems, or creation of new ones in
order to obtain desired parameters and performance, corresponding to the specific
working conditions and purpose of the system. When solving the inverse problems, at
every step of the optimization procedure are used the results obtained from the
detailed analysis of the field distribution, i.e. repetition of solving the problem for
field analysis is carried out many times.
The best results can be achieved by combining the efforts of both directions.
As it was already mentioned, most widely used in modeling and analysis of the
electromagnetic fields numerical methods are: FDM (finite differences method) [3],
FEM (finite element method) [4] and BEM (boundary element method) [5]. Other
used in the analysis methods are combined (hybrid) methods - for example, a
combined use [6] of FEM and BEM, wherein for different regions of the analyzed
object (depending on the media properties, respectively a linear or non-linear) is used
one or the other method with the corresponding advantages. Also used are methods
with volume integral equations and control volumes method [7] and others.
Regardless of the type and specific of each of the numerical methods, it is
necessary first to formulate properly the problem for field analysis, ie to determine:
the field equations; boundary conditions for field values or derivatives on the
boundary; properties and relationships of the used materials. All methods deal with
discretisation of the study area into sub-areas by means of a special structural mesh.
Unknowns in the problem solving are the field values in the nodes of the mesh and
the system of differential and integral equations, which correspond to the field
distribution, are approximated by systems of algebraic linear and nonlinear equations.
In Fig. 1, Fig. 2 and Fig. 3 are shown corresponding to the each method
investigated area and specific dividing of the region.

2
y

h2
3

h3

h2

1

0
h4
х

4

Fig. 1. FDM- Studied area is covered by an orthogonal mesh of nodes, which can be:
regular (h = const) or irregular (h ≠ const)
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y

Finite елемент
element
Краен

x
Fig. 2. FEM- Studied area is divided into elementary subregions called finite elements,
whose vertices constitute a mesh

Boundary element
Гранични
Константен

Fig. 3. BEM - only the boundary of the investigated region is divided using boundary elements
(ie the dimension of discretized area decreases by one)

Each of these methods has its advantages and drawbacks, but the most widely
used in the analysis of electromagnetic fields is FEM. The main reasons for this are
the following:
− The FDM can not guarantee sufficient accuracy in the boundary surfaces
describing and correct defining of boundary conditions. Therefore, it does not
ensure precise field modelling.
− The main advantage of the BEM - to reduce the dimension of the task for
field analysis, is valid only in the modeling of processes in a linear
environment. The properties of the used in electrotechnical devices materials
are strongly nonlinear, and therefore the advantage of the method is canceled.
− The FEM allows both accurate description of boundary surfaces and
corresponding boundary conditions and solving of nonlinear problems taking
into account the actual changes of material properties as a function of the field
and temperature values. This is the basis to conclude that the method ensure
as stationary field modelling and also correct modelling of the transient
processes. A very important factor is the availability of many suitable
commercial software packages capable to analyse stationary and non-

Advanced Aspects of Theoretical Electrical Engineering Sofia '2016
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stationary processes and in which there is a possibility to make relatively easy
changes of the design and regime parameters, i.e. allows multivariate
numerical experiments.
The precise solution of the forward problem (the problem for field analysis) is a
key factor in the adequate modeling of the processes in electromagnetic devices,
which is essential for the formulation and solution of the inverse problem.
3. EXAMPLES OF NUMERICAL FIELD MODELLING AND DETERMINATION
OF SPECIFIC PARAMETERS AND CHARACTERISTICS
3.1. Modelling of field of cylindrical capacitor
The problem illustrates the application of FEM for electrostatic field modeling in
a cylindrical capacitor (Fig. 4). The field distribution is obtained using the scalar
electric potential Vε. The task is solved analytically, applying integral form of
Gauss’s law and numerically applying FEM. The obtained results are compared and
the comparison shows good agreement.
The voltage between the electrodes of a cylindrical capacitor is U = 1000 V. The
capacitor’s dielectric is air (i.e. the dielectric permittivity is ε = ε0) and respectively
with inner radius r1 = 5 cm and outer radius r2 = 10 cm.

Fig. 4. Principle scheme of the cylindrical capacitor

It is necessary to determine:
a) the dependence E(r) of the electric field strength on the radius of dielectric;
b) the capacitance C of the capacitor per unit length;
c) the energy W of the electric field;
d) the force F per unit length, that is trying to modify the radii of the electrodes.
3.1.1. Analytical solution
As the length l of the capacitor is much greater than its external radius r1 , the field
can be considered as a plan-parallel, i.e. the field is changed only in xOy. (Fig. 5).
The surfaces of the electrodes are equipotential surfaces and the vectors of
electric field strength Е (Fig. 5) are directed radially (i.e. vector E is orthogonal to the
surface at each point of the cylindrical electrodes).

6
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Fig. 5. a) The electric field is changed only in the plane xOy.
b) forces acting on the electrodes.

Determination of the electric field strength E(r) in the dielectric
A cylindrical surface in the dielectric has been considered in order to apply
Gauss’s law. The radius of the cylinder is r, (when r1 ≤ r ≤ r2 ). It has base surfaces
are S1 and S2 and surrounding surface is Ssur. The vector element of the surface dS
directed on the outgoing normal to the surface of the cylinder is also considered.
According to the Gauss’s law it can be written:

q

∫∫ E.dS = ∫∫ Е (r ).ds. cos 0 + ∫∫ Е (r ).ds. cos 90 + ∫∫ Е (r ).ds. cos 90 = ε
S

Ssur

S1

S2

(1)

0

Taking into account that E dS along the surrounding surface Ssur and E ⊥ dS
along the base surfaces S1 and S2 , the expression simplifies to:
q

∫∫ E.dS = ∫∫ Е (r ).ds = ε
S

Ssur

(2)

0

Substituting the surrounding surface S sur = 2π rl and having in mind that electric
field strength E(r)=const, for r=const we can obtain the dependence of the electric
field strength on the dielectric radius:
Е (r ) =

q
2π rlε 0

(3)

Determination of the capacitance C of the capacitor per unit length
The voltage between the electrodes is defined by the expression:
r2

r2

q
q
U12 = ∫ E ( r ).dr = ∫
.dr =
2π rlε 0
2π lε 0
r1
r1

r2

r2
r2
dr
q
q
=
ln
r
=
ln
∫ r 2π lε 0 r1 2π lε 0 r1
r1

(4)

Thus the capacitance C of the capacitor is determined as:
C=

2π .1.8,86.10 −12
q 2π lε 0
=
= 8,031.10 −11 F
=
10
r2
U
ln
ln
r1
5

(5)
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Determination of the electric field energy W
The energy of the electric field is defined as:
U 2πε 0 l 10 6 π .8,86.10 −12.1
1
Wε = CU 2 =
=
= 4,016.10 −5 J
r
10
2
ln
ln 2
5
r1

(6)

Determination of the force F trying to modify the radii of the electrodes
The force f1 , acting on the inner electrode (Fig.5b) with a radius r1 is defined as:
 ∂Wε 
U 2πε 0l
106 π 8.86.10 −12
f1 = 
=
=
= 11, 67.10 −4 N

2
2
 r 
 10 
 ∂r1 U =const
5.10−2  ln 
r1  ln 2 
 5
 r1 

The force f2, acting on the outer electrode (Fig. 5b) with a radius r2 is defined as:
 ∂W 
U 2πε 0l
106 π 8.86.10 −12
f2 =  ε 
=−
=
−
= −5,85.10 −4 N
2
2
 r 
 10 
 ∂r2 U = const
0.1 ln 
r2  ln 2 
 5 
 r1 

3.1.2. Solution based on FEM analysis
In the considered example is analyzed electrostatic field. The problem is solved
as a plane-parallel one in Cartesian coordinate system xOy (Fig.6a) and as an
axisymmetrical in rOz (Fig.6b).

axisymmetrical in r0z
V=1000
0

ε = ε0

V=0
1
V=1000
2

The problem can be solved as a

y

V=1000
z

О

x

a)

b)

Fig. 6. FE mesh, used in the study of electrostatic field of cylindrical capacitor:
a) as 2D plan-parallel problem;
b) as 2D axisymmetrical problem

The distribution of the field between two electrodes is described by means of a
scalar electric potential

Vε , satisfying the Laplace equation:
∇ 2Vε = 0

(7)
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The boundary conditions are: scalar electric potential on the inner electrode
Vε = 1000V and on the outer electrode Vε = 0 V .
FEM modelling of Electric field distribution
In Fig. 7 is shown electric field distribution in the studied area and field values at
a selected point (x=5.2cm, y=5.2cm) voltage, electric field strength and displacement.

Fig. 7. FEM modelling of the electrostatic field of the capacitor

Determination of the capacitance C and the energy W of the capacitor
Two possibilities for capacitance determination are illustrated in Fig.8 - by using
the obtained charge (Fig. 8a) and energy (Fig. 8b).

a)

b)

Fig. 8. Two different FEM determination of the capacitance

Determination of the force F trying to modify the radii of the electrodes
In Fig. 9 is presented FEM determination of the forces acting on the inner (Fig.
9a) and outer (Fig. 9b) electrodes.

9
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a)

b)

Fig. 9. FEM determination of the forces, acting on the electrodes

3.1.3. Comparison of the results, obtained analytically and using FEM
In the Table 1 is shown the comparison of the results, obtained analytically and
using FEM
Table 1
Quantity

Analitical
determination

FEM
determination
from energy
from charge
−11
8,013.10−11 F
8,145.10 F

8,031.10−11 F

Capacitance C
Energy W

4,016.10 −5 J

4,00065.10 −5 J

Force f1, acting on the
inner electrode
Force f2, acting on the
outer electrode

11,67.10−4 N

18,793.10 −4 N

5,85.10 −5 N

6,092.10 −4 N

3.2. Modelling of the magnetic field of a choke
The problem illustrates the application of FEM for magnetic field modeling in a
choke (Fig. 10) and determination of coil inductance as a function of the air gap size.
The task is solved analytically, applying reluctance network method and numerically
applying FEM. The obtained results are compared and the comparison shows good
agreement.
2

i

4

2
6

w
2

y
z

O

4

1,5

δ
2

x

Fig. 10. Principle scheme of the considered choke with dimensions, given in centimetres
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The coil current is i = 0,1A, the number of winding turns is w = 2000 and the air
gap size is δ. The system has to be analyzed for two design options: without of air
gap (δ = 0) and in case of air gap presence (δ ≠ 0, for verification of the results
δ = 5mm).
It is necessary to determine for variants δ = 0 and δ = 5mm:
a) the magnetic field distribution and magnetic fluxes in the separate core
branches;
b) coil inductance L as a function of the air gap size.
3.2.1. Analytical solution
The analytical solytion is based on the reluctance network method, using the
analogy between magnetic and electric circuit. In Fig.11a is shown a circuit,
corresponding to the considered magnetic system. It has three brances with magnetic
fluxes Φ1, Φ2, Φ3 and reluctances Rµ1, Rµ2 and Rµ3. The air gap is presented by
reluctance Rδ and the presence of coil current is introduced by mmf F=w.i. This
solution is possible only in case of condition: µ=const.
Φ1

Φ3

A

Φ2
Rµ 1

Rµ 2

Φ2

Rµ 3

F=w.i

F=w.i

Rµ eq

Rδ

B

a)

b)

Fig. 11. Circuit corresponding to the studied magnetic system

Determination of the branch reluctances and magnetic fluxes:
For certain lengths l1, l2, l3, lδ, and branches cross sections S1, S2, S3, the
reluctances are determined according to the formula:
Rµ k =

lk

(8)

µ0 µr Sk

Thus, for the studied example are obtained:
Rµ 1

22 .10 −2
=
=
= 8,76 .10 5 H −1 ;
−7
−4
µ 0 µ r S1 4π 10 5004 .10

Rµ 2 =

l1

l2 − δ
δ
= (1,59.10 5 −
) H −1 ;
µ0 µr S 2
µ0µr S2

R µ 3 = R µ 1 = 8,76 .10 5 H −1

Rδ =

δ
µ0 µr S2

.
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As can be seen two of the reluctances depend on the size of the air gap.
The circuit can be a simplified to that shown in Fig. 10b, with the help of which
can be determined magnetic flux Φ2.
The equivalent reluctance depends on the sise of the air gap and is determined as:
R µ eq =

R µ 1 .R µ 3
Rµ 1 + R µ 3

+ R µ 2 + Rδ = 4,38.10 5 + 1,59.10 5 +

δ


1 
1 −
 = 5,97.10 5 + δ .9,96.10 8
µ0 S2  µr 

Rµ eq = 10 5 (5,97 + δ ( mm ) .9,96)

(9)

According the reluctance network method and the circuit from Fig.11b the
magnetic flux can be obtained as:
Φ2 =

F
wi
=
R µ eq R µ eq

(10)

Determination of the coil inductance L as a function of size of the air gap:
The coil inductance is defined as:

L=

Ψ w.Φ 2
=
=
i
i

w.

F
R µ eq
i

w.
=

wi
R µ eq
i

=

w2
R µ eq

(11)

When substitute the equivalent reluctance (9) in the expression (11) we obtain the
coil inductance L as a function of size of the air gap:
L=

w2
4.10 6
40
= 5
=
R µ eq 10 (5,97 + δ ( mm ) .9,96) (5,97 + δ ( mm ) .9,96)
L=

40
(5,97 + δ (mm ) .9,96)

(12)

Determination of the coil inductance L for both variants δ=0 and δ=5mm :
– for δ = 0, L0 =

40
= 6,72 H
5,97

– for δ = 5 mm, Lδ =5 mm =

40
= 0,717 H
(5,97 + 5.9,96 )

3.2.2. Solution based on FEM analysis
In the considered example is analyzed stationary magnetic field. The problem is
solved as a plane-parallel one in Cartesian coordinate system xOy. The distribution of
the field is described by means of z-component of magnetic vector potential Az ,
satisfying the Poisson equation:
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∇ 2 Az = − µJ z

(13)

The studied area includes also wide air buffer zone around the device with zero
Dirichlet boundary conditions. Fig. 12 is presents part of FE mesh, used in the study.

y
z

O

x

Fig. 12. FE mesh, used in the study of magnetic field

FEM modelling of magnetic field distribution
In Fig. 13 are shown magnetic field lines for two design variants of the choke:
Fig. 13a without air gap (δ = 0) and Fig. 13b with air gap (δ = 5mm)

a)

b)

Fig. 13. Magnetic field lines for two design variants of the choke: with and without air gap

In Fig. 14 and Fig. 15 are shown magnetic field distribution in the studied area
and field values at a selected point (in the middle of the second branch x=8cm,
y=5cm) for the two considered variants with and without air gap correspondingly. It
is clearly seen the effect of the air gap presence. In the variant without air gap the
magnetic flux density value is B = 0,504 T. In the variant with the air gap presence,
where the magnetic reluctance is much greater, it is about 9 times less B = 0,061 T.
The maps of magnetic field strength distribution are presented in Fig. 16a for the
choke without air gap and in Fig. 16b for design variant with air gap.
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Fig. 14. FEM modelling of the magnetic field density distribution (δ = 0)

Fig. 15. FEM modelling of the magnetic field density distribution (δ = 5 mm)

a)
b)
Fig. 16. FEM modelling of the magnetic field strength distribution for two design variants
of the choke: with and without air gap

Determination of the coil inductance L for both variants δ = 0 and δ = 5 mm:
Determination of the coil inductance for variants δ = 0 is shown in Fig. 17a and
for δ = 5 mm in Fig. 17b. Two possibilities for inductance obtaining are used – by the
obtained magnetic flux and by energy.
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a)

b)

Fig. 17. Determination of the coil inductance L

3.2.3. Comparison of the results, obtained analytically and using FEM
In the Table 2 is shown the comparison of the results, obtained analytically and
using FEM
Quantity
Inductance L(δ=0)
Inductance L(δ=5mm)

Analitical
determination
6,72H
0,72H

Table 2
FEM determination
from magnetic flux
from energy
6,093H
5,893H
0,74H
0,735H

4. CONCLUSION
The presented work demonstrates the possibilities for computer modelling of the
processes in electromagnetic systems. Also are shown opportunities to identify some
specific device parameters and characteristics, whose adjustment and control can
increase the efficiency and ensure reliable operation of the system. Such knowledge
can be very useful for the future engineers.
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Abstract: A Particle-in-cell Monte Carlo model of a capacitive discharge is presented in the paper.
The influence of a localized magnetic field (magnetic filter) on the discharge behaviour is
studied. The magnetic field is perpendicular to the radiofrequency electric field and reduces the
electron mobility in the filter region separating the discharge into two parts. The model shows
that the effects due to the ExB drift in the filter are the most important mechanisms forming the
discharge structure there. The results of the model are in good agreement with previously
obtained experimental results.
Keywords: capacitive discharges, particle-in-cell model, magnetic filter

1. INTRODUCTION
Magnetic fields are widely applied in both fusion and technological plasmas [1,
2]. They reduce the mobility and diffusion of the charged particles across the
magnetic field lines and lead to appearance of drifts like the ExB-drift and the
diamagnetic drift. A specific configuration of the magnets, producing localized
magnetic field called magnetic filter, is used in the sources for negative hydrogen
ions production for neutral beam injection in fusion plasmas [3]. The role of the
magnetic filter there is to reduce the electron temperature to value appropriate for
electron attachment to vibrationally excited molecules and formation of negative ions
[3, 4]. A construction of the negative ions source proposed in [5] is for an inductively
driven matrix consisting of many small radius tubes. As it is known, an inductive
discharge could be sustained in two modes: high plasma density inductive mode and
low density capacitive mode [1]. In the capacitive mode of the inductive discharges,
as in the capacitive discharges, the discharge is sustained by the longitudinal
component of the electric field. The experimental study of a single tube of the matrix
source shows that the magnetic filter modifies significantly the discharge [6].
Particularly, in the capacitive mode a maximum of the emitted light appears in the
filter. Also beam-like structures are detected on its both sides. Other experimental
results could be found in [7].
The goal of the current work is to contribute to better understanding of the
dynamics of the electrons in a capacitive discharge with a magnetic filter. A particlein-cell Monte Carlo model (PIC-MC) is developed for description of the discharge.
PIC-MC method is part of the single particle methods which are very popular
recently with the development of the computers. They proved their efficiency in the
modelling of low pressure capacitive discharges where the electrons are far from
thermal equilibrium. For example, the PIC models reveal the existence of beams of
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high energetic electrons close to the electrodes [8]. These beams are experimentally
observed too [9].
The results from the model show that the velocity of the electrons in the filter is
almost equal to zero and the electrons accumulate periodically on the both sides of
the filter. The expected importance of the ExB-drift [6, 7] is confirmed by the model.
Also the experimentally observed [6] beam-like structures starting from the filter are
detected.
2. DESCRIPTION OF THE MODEL
The modelling domain and the gas discharge conditions are similar to that in the
experiment [6]. The model is one dimensional in space and three dimensional in the
velocity space. The distance between the electrodes of the capacitive discharges is 9
cm. The discharge is operated at f = 27 MHz and U 0 = 150 V in argon at 2 Pa neutral
gas pressure. The left electrode is the active one, while the right electrode is
grounded. The initial number of the particles in the model is 100 000 (so called
macroparticles, each of them represents 2.5 × 108 electrons). The magnetic field of
the filter is with a Gaussian profile:
  x − L 2 
0
(1)
 
B z = B0 exp  − 
s
 
0
 
with L0 = 5 cm , s0 = 0.5 cm and B0 = 0.006 T .
Here shortly will be described the PIC model [10-13]. The distance between the
electrodes is divided to 180 cells. The charge density ρ is calculated in each cell and
the Poisson equation for the potential ϕ is solved. The electric field E x is calculated
from the result for ϕ and the equation of motion for each macroparticle is solved for
one step in time ∆t :

dv
dx
= −e( E + v × B ) and
= vx
(2)
dt
dt
In (2) m and e are the electron mass and charge, respectively, and the electric
and the magnetic field have only one component: E = ( E x , 0, 0) and B = ( 0, 0, Bz ) .
m

The velocity vector has all three components v = ( v x , v y , v z ) but only the x-coordinate
of each particle is calculated. Then the particles that reached one of the electrodes are
removed from the simulation.
The collisions of the electrons with neutral atoms are taken into account in the
model using Monte Carlo method [10-13]. Random numbers determine the time of a
collision, the direction of the velocity vector after the collision and the type of the
collision. Three types of collisions are taken into account in the model: elastic
collisions and inelastic collisions for excitation and ionization. After that the charge
density is calculated with the new positions of the charged particles for the next step
in time.
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For the ions the model is fluid, i.e. the continuity equation is solved with diffusion
and mobility coefficients for the ions calculated for gas and ion temperature 400 K.
3. RESULTS
The results in this section are for the variation of the plasma parameters during
two periods of the radiofrequency (RF) field.

Fig. 1. Variation of the potential (a) and of the x-component of the electric field (b).
The black line designates E x = 0 .

As mentioned above, the right electrode is grounded and the potential on the left
electrode oscillates according to u = U 0 cos( 2πft ) (Fig. 1(a)) with maxima at
t / T = 0, 1, 2 and minima at t / T = 0.5, 1.5 . Close to the electrodes the electric field is
retarding for the electrons (Fig. 1 (b)). Nevertheless, once in a period the electric field
decreases to values low enough to allow the electrons to reach the electrode. In the
magnetic filter (maximum of the magnetic field at x = 5 cm) the direction of the
electric field changes periodically.

Fig. 2. Components of the electron velocity: v x in (a) and in v y (b).
The black line designates v x , y = 0 .
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The variations of the potential and of the electric field lead to variations of the v x
component of the electron velocity (Fig. 2 (a)). The highest values of the velocity are
close to the electrodes. The green region with v x = 0 at maximum negative potential
on the corresponding electrode is in fact a region without electrons as all the electrons
there are repelled in the plasma interior. In the magnetic filter v x decreases almost to
zero. Therefore, the magnetic filter splits the discharge into two parts and the
electrons cannot follow the changes of the external RF field.
The v y component of the velocity has its maximum in the magnetic filter (Fig.
2(b)). Out of the filter v y is approximately zero, which is confirmed by the black
lines in Fig. 2(b). The direction of v y changes as the direction of the electric field
changes, showing that v y is a result of the ExB-drift. This is confirmed also by the
result in Fig. 3 where the ExB-drift is calculated from the results for the electric field
in Fig. 1(b) and the expression for the magnetic field (Equation (1)).

Fig. 3. The velocity caused by the ExB-drift calculated from the results for the electric field
in Fig. 1(b) and the expression for the magnetic field (1).

We should have in mind that in the region of the magnetic filter the magnetic field
and the electron concentration are strongly inhomogeneous. Therefore, despite the
dominant role of ExB-drift, the plasma behaviour is influenced also by the
diamagnetic drift and the ∇B drift.
The oscillating electric field strongly influences the electron concentration (Fig.
4(a)). At t / T = 0 the left electrode is positively biased (Fig. 1) and the electrons are
attracted to it. The sheath thickness at the left electrode decreases, while the sheath
thickness at the right electrode increases. The motion of the electrons at the right side
of the filter is limited by the magnetic field and at x > 5 cm in the filter region the
electron concentration increases. The additional negative charge there causes local
decrease of the potential and an appearance of a positive electric field, directed to the
right in Fig. 1(b). During the next half period, at t / T = 0.5 the external electric field
changes its direction and the electrons accumulate at the other side of the filter, at
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x < 5 cm . As a result, the electric field in the filter and the ExB-drift change their
directions.
The ions, because of their bigger mass cannot follow the fast changes of the
external electric field and their concentration is almost constant during the RF period.

Fig. 4. The electron concentration (a) and the ion concentration (b)

When the negative potential on the one of the electrodes increase, the sheath
expands (at t / T = 0.2 on the left electrode and t / T = 0.7 on the right one) and the
electrons are repelled to the plasma interior forming beams of high energetic
electrons (Fig. 5). These beams are well studied both theoretically and
experimentally, see e.g. [6, 8, 9]. A new effect, observed first experimentally in [6]
and confirmed by the model here is the periodic increase of the energy in the filter. In
[6] the effect is explained with the formation of electron beams starting from the filter
similar to the beams starting from the electrodes. The results of the model show that
such beams do not exist and the effect is due mainly to the ExB-drift.

Fig. 5. The electron energy in the discharge

The experimental results [6] show maximum of the emitted light from the plasma
in the filter region. This result is well explained by the model as the high electron
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energy in the filter (Fig. 5) combined with the high electron concentration there (Fig.
4(a)) leads to an increase of the excitation rate and, therefore, to the emitted light.
4. CONCLUSION
One dimensional model is developed to explain the role of a magnetic filter in a
capacitive discharge. The results of the model show that the most important
mechanism governing the discharge behaviour in the filter is the ExB-drift. The
formation of electron beams starting from the filter is not confirmed.
The results from the model are in good agreement with the experimental results
in [6].
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Abstract: The paper gives basic notions refer to the theory and applications of Hopf bifurcation in
a two-dimensional dynamical system. The normal form of Poincare for a dynamical system is
given in various forms. It is formulated the Poincare-Andronov-Hopf theorem.
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1. INTRODUCTION
Finding the periodic solutions of a given system plays a fundamental role in
various areas of the science and technique. The Hopf bifurcation theory is one of the
most important topics of the nonlinear dynamical systems allowing us to find
periodic solutions named limit cycles or self-excited oscillations. The purpose of the
present publication is to provide a mathematical background for practical
implementation of Poincare-Andronov-Hopf theorem. The presentation is oriented to
the formal, or applied side of the theory and it is not always mathematically detailed.
Some assertions are used without proof.
2. EQUILIBRIUM POINTS AND LINEARIZATION
OF NONLINEAR DYNAMICAL SYSTEMS
A continuous planar dynamical system can be described by the following
autonomous system of differential equations:
x& = f (x) ,

(1)

where x = ( x , y )T , f = ( f , g )T and f is a smooth function. The quantity x = x(t )
describes the state of the system and is called the dependent variable, x& = d x d t and
t is independent variable (often interpreted as a time), t ∈ R .
The point x 0 is called the equilibrium point (singular point, critical point,
stationary point) for the system (1) if the following equation is valid:
f (x0 ) = 0 .

(2)

If f ( x 0 ) ≠ 0 then the point x0 is called the regular point for the system (1).
If we change the variable x in the system (1) by y with the aid of the relation
y = x − x 0 , we obtain a new system, for which after replacing y by x , the
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equilibrium point becomes x 0 = 0 = (0 , 0)T . Consequently, the equilibrium point x0
can be always translated to the origin. Further, without loss of generality, we will
assume, that this has been done and the equilibrium point is x 0 = 0 . In this case eq.
(2) becomes f ( x 0 ) = f (0) = 0 .
The Taylor’s expansion of the function f (x) around the equilibrium point x 0 = 0
is the following:
2

f (x) = f (0) + D f (0)x + O ( x ) .

(3)

The linear function D f (0)x is called the linear part of f at x 0 = 0 . The derivative
D f of the function f with respect to x , evaluated at the origin, is expressed by the
following 2 × 2 Jacobian matrix

∂ f
∂x
A = D f (0) = 
∂ g
 ∂ x

∂f
a
∂y
=  11

∂g
a21
∂ y  (0 , 0)

a12 
.
a22 

Taking into account eq. (2) and (3), the system (1) becomes:
x& = Ax + F0 ( x) .

(4)

where,
F0 (x)
x

→0

as

x →0.

Eq. (4) presents nonlinear dynamical system with linear part. Introducing the
components of the function F0 , we have F0 = ( f 0 , g 0 )T and
f 0 ( x, y ) =

∑ aij x i y j =[a20 x 2 + a11 xy + a02 y 2 ] +

i + j ≥2

+ [ a30 x 3 + a 21 x 2 y + a12 xy 2 + a03 y 3 ] + L ,
g 0 ( x, y ) =

∑ bij x i y j =[b20 x 2 + b11 xy + b02 y 2 ] +

i + j ≥2

+ [b30 x 3 + b21 x 2 y + b12 xy 2 + b03 y 3 ] + L .

Neglecting the high order terms, eq. (4) yields

x& = Ax .

(5)

The linear system (5) is called the linearization of (1) at x 0 = 0 . The equilibrium
point of (1) x 0 = 0 is called the hyperbolic equilibrium point of (1) if none of the
eigenvalues of the matrix A = D f (0) have zero real part. We note that under the
condition det A ≠ 0 , system (5) has a single equilibrium point x 0 = 0 .
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In many cases the behaviours of the nonlinear system (1) and its linearization (5)
are topological equivalent. Moreover, the Hopf bifurcation analysis requires the
linear part of the nonlinear system to be presented in a special form. For this reason
below we give some notions concerning linear dynamical systems.
3. PLANAR LINEAR DYNAMICAL SYSTEMS AND ITS TRANSFORMATION
TO JORDAN CANONICAL FORM
Consider the following linear system of differential equations
x& = Ax ,

or

 x&   a11
 y&  = a
   21

a12   x 
,
a22   y 

a 
a
A =  11 12  .
a21 a22 

(6)

Assume that det A ≠ 0 , which means that the matrix A have not zero eigenvalues. In
this case the point x 0 = 0 = (0 , 0) is the only equilibrium point for the system (6). The
eigenvalues and eigenvectors of the matrix A will play a crucial role in the analysis
further on.
The eigenvalues λ of the matrix A are determined by the equation [31], [32]
Ax = λ x ,

or

( A − λ I)x = 0 ,

(7)

where I is 2 × 2 unique matrix. The vector x , for which eq. (7) is satisfied is called
the eigenvector of the matrix A . The system (7) is homogeneous and it has a nonzero
solution only when the following so called characteristic equation is satisfied
a − λ
p A (λ ) = det( A − λI ) = det  11
 a 21

a12 
= 0,
a 22 − λ 

p A (λ ) = λ2 − (Tr A )λ + det A = 0 ,

where

Tr A = a11 + a 22

,

(8)

det A = a11a22 − a12 a21 ,

and p A (λ ) is called the characteristic polynomial for the matrix A . Hence the
eigenvalues are solutions of the quadratic equation (8) and are given by the formulas

λ 1, 2 =

(

) (

)

1
1
Tr A ± (Tr A ) 2 − 4 det A = Tr A ± ∆ ,
2
2

∆ = (Tr A) 2 − 4 det A = (a11 − a 22 ) 2 + 4a12 a 21 .
The eigenvalues determine the type of the equilibrium point and the phase portrait
of the system (6) around the regarded equilibrium point. Moreover they determine a
linear transformation of the variables so that the matrix A is transformed into Jordan
canonical form, whereupon the solution of the system (6) can easily be obtained.
The case of complex conjugate eigenvalues plays an important role in our further
investigations. For this reason we regard this case more precisely. Let the following
inequalities hold
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4 det A > (Tr A ) 2 ≥ 0 ,

or

∆ < 0.

Then the matrix A has two complex conjugate eigenvalues given by

λ 1, 2 =

(

)

1
Tr A ± i − ∆ = α ± i β ,
2

(9)

where i = − 1 , β = − ∆ , β > 0 and α = (1 2) Tr A = (1 2)( a11 + a 22 ) .
In this case the following classification is valid:
• If Tr A < 0 , then the point (0 , 0) is stable focus;
• If Tr A > 0 , then the point (0 , 0) is unstable focus;
• If Tr A = 0 , then the point (0 , 0) is a center.
Consider again the linear system of differential equations (6). We wish to change
the variable x with a new variable y , y = [u , v]T , so the solution of the new equation
can be easily obtained. In general such a transformation is given by the following
way:
x = My ,
(10)
where M is 2 × 2 non-singular (invertible) matrix, which is determined by the
eigenvalues and eigenvectors of the matrix A . It follows from (6) and (10):
x& = My& = Ax = AMy ,

y& = M −1 AMy .

Denoting
J = M −1 AM ,

(11)

y& = Jy .

(12)

we obtain

Matrix J is called the Jordan canonical form of the matrix A and system (12)
represents system (6) in Jordan canonical form. For matrices A and J are said to be
similar. It can be proved the relations det A = det J and p A (λ ) = p J (λ ) . Consequently the eigenvalues of the matrix A and J coincide.
The type of matrix J in dependence of the eigenvalues and eigenvectors of the
matrix A is given in various publications [5], [11], [31], [32]. Here we are only
interested in the case when the matrix A has two complex conjugate eigenvalues, i.e.

λ1 = λ = α + iβ ,

λ2 = λ = α − i β ,

β > 0.

(13)


0 
 .
1
−
β 

(14)

In this case the matrix M is the following [11], [19]
0 
 a
M =  12
,
α − a11 − β 

 1
 a
M −1 =  12
α − a11
 β a12
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After simple matrix calculations using equations (11) and (14), we find

α
J=
β

− β
.
α 

(15)

We note that the characteristic equation for the matrix J is
p J (λ ) = λ 2 − 2α λ + (α 2 + β 2 ) = 0 .

The matrix J allows us to write linear system (6) in the following simplest form,
which is called the Jordan canonical form of the linear system (6), i.e.

u&  α
 v&  =  β
  

− β  u 
.
α   v 

(16)

The solution of the system (16) is

u (t ) α t cos β t − sin β t  u (0)
 v(t )  = e  sin β t cos β t   v(0)  .






(17)

This solution will be derived further in different ways.
4. NONLINEAR DYNAMICAL SYSTEM WITH LINEAR PART
IN JORDAN CANONICAL FORM
Consider the nonlinear dynamical system (1) and assume that x 0 = 0 is an
equilibrium point for this system. In this case the system (1) can be presented by eq.
(4), which we once again give
x& = Ax + F0 ( x) .

(18)

Assume, in addition, that the matrix A has two complex conjugate eigenvalues (13).
The Hopf bifurcation analysis requires the matrix A to be in Jordan canonical form.
In section 2 we have showed how this can be performed. However the transformation
of the matrix A leads to transformation of the all equation (18) and we expose this
process in detail.
The old variable x , the new variable y and the transformation matrix M are
related by eq. (10), and the matrix M is given by eq. (14). Further we obtain
x& = My& = Ax + F0 ( x) = AMy + F0 (My ) ,

y& = M −1 AMy + M −1F0 (My ) .

Denoting
J = M −1 AM ,

the last equation becomes

F1 (y ) = M −1F0 (My ) ,

y& = J y + F1 (y ) .

Replacing the variable y by the traditional variable x , we obtain

26

15.09.16 – 16.09.16, Sofia, Bulgaria

x& = J x + F1 ( x) .

(19a)

We note that the matrix J is given by eq. (15). Introducing the components of the
function F1 , we have F1 = ( f 1 , g 1 )T and
 x&  α
 y&  =  β
  

− β   x   f 1 ( x, y ) 
+
.
α   y   g 1 ( x, y ) 

(19b)

Equations (19) present a nonlinear dynamical system with linear part in Jordan
canonical form. This is the initial equation from which the Hopf bifurcation analysis
begins.

5. PRESENTATION OF PLANAR DYNAMICAL SYSTEMS IN POLAR COORDINATES
Consider the planar dynamical system (1) writing in the following form

x& = f ( x, y )
.
y& = g ( x, y )

(20)

In many cases it is convenient to rewrite system (20) in polar coordinates (r ,θ ) . This
will often reveal the nature of the equilibrium point. The Cartesian coordinates ( x, y )
and the polar coordinate (r ,θ ) are connected with the relations
x = r cosθ ,
r 2 = x2 + y 2 ,

tan θ =

y = r sin θ ,
y
,
x

θ = arctan

(21a)
y
.
x

(21b)

The lemma given below is very useful with the transforming the system (20) into
polar coordinates.

Lemma 1: The following relations are valid:

r& =

xx& + yy&
,
r

θ& =

xy& − yx&
.
r2

(22)

Proof: Differentiating the first and second equations in (21b) we obtain:
2rr& = 2 xx& + 2 yy& ,

1 & xy& − yx&
xy& − yx&
θ
=
=
.
cos 2 θ
x2
r 2 cos 2 θ

This yields eq. (22). Another way to obtain the second relation in eq. (22) is to
differentiate the third relation in eq. (21b):
′
′
y
1
x 2 xy& − yx& xy& − yx&

 y
&
.
θ =  arctan  =
=
  =
x  1 + ( y x) 2  x  x 2 + y 2 x 2
r2


We will give one more way to prove relations (22). Let differentiate the relations in
(21a):
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x& = r& cosθ − rθ& sin θ
.
y& = r& sin θ + rθ& cosθ

Multiplying the first equation by cosθ , the second by sin θ and adding the resulting
equations, we obtain the first relation in (22). And finally multiplying the first
equation by (− sin θ ) , the second by cosθ and adding the resulting equations, we
obtain the second relation in (22). ■
Taking into account eq. (22), the nonlinear system (20) can be written in term of
polar coordinates as

or as

r& = f (r cosθ , r sin θ ) cosθ + g (r cosθ , r sin θ ) sin θ
,
θ& = (1 r )( g (r cosθ , r sin θ ) cosθ − f (r cosθ , r sin θ ) sin θ )

(23a)

dr
r [ f (r cosθ , r sin θ ) cosθ + g (r cosθ , r sin θ ) sin θ ]
= F ( r ,θ ) =
.
dθ
g (r cosθ , r sin θ ) cosθ − f (r cosθ , r sin θ ) sin θ

(23b)

The exposed approach is illustrated by the next two examples.

Example 1: Write the planar linear system
x& = a11 x + a12 y
y& = a21 x + a 22 y

(24)

in polar coordinate.
Taking into account eq. (22), we have

r& =

xx& + yy& a11 x 2 + (a12 + a21 ) xy + a22 y 2
=
=
r
r

[

]

= r a11 cos 2 θ + ( a12 + a 21 ) sin θ cosθ + a22 sin 2 θ = rR (θ ) ,

θ& =

xy& − yx& a21 x 2 + (a22 − a11 ) xy − a12 y 2
=
=
r2
r2

= a21 cos 2 θ + ( a22 − a11 ) sin θ cos θ − a12 sin 2 θ = Ω (θ ) .

Finally we can write

r& = rR(θ )
,
θ& = Ω (θ )

(25a)

R (θ ) = a11 cos 2 θ + ( a12 + a21 ) sin θ cosθ + a22 sin 2 θ ,

(25b)

Ω (θ ) = a21 cos 2 θ + ( a22 − a11 ) sin θ cosθ − a12 sin 2 θ . ■

(25c)

where

Taking into account the results of Example 1, we can describe the nonlinear
system with linearization given in eq. (4) in polar coordinates. It is obtained
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r& = rR(θ ) + P(r ,θ ) = ρ (r ,θ )
,
θ& = Ω (θ ) + Q(r ,θ ) = Θ (r ,θ )

(26)

where the functions R(θ ) and Ω (θ ) are given in eq. (25). The functions P and Q
represent the nonlinear terms ignored by the linearization. For the most general
nonlinear perturbations the following relations hold

P ( r ,θ )
= 0,
r →0
r

lim Q ( r ,θ ) = 0 .

lim

r →0

Example 2: Write the following planar linear system (this is Jordan canonical
form of the linear system with complex conjugate eigenvalues λ1, 2 = α ± iβ )

 x&  α
 y&  =  β
  

− β   x
,
α   y 

x& = α x − β y
,
y& = β x + α y

or

(27)

in polar coordinate.
Using eq. (22) we obtain

xy& − yx& β ( x 2 + y 2 )
&
θ=
=
=β .
r2
r2

xx& + yy& α ( x 2 + y 2 )
r& =
=
=α r ,
r
r

Thus, the polar form of the system (27) is

r& = α r
.
θ& = β

(28)

The solution of the system (28) can be easily obtained. The second equation is
integrated directly, θ = β t + θ 0 . For the first equation we have consecutively

dr
= α dt ,
r

∫

dr
= α dt + C ,
r ∫

ln r = α t + C ,

C = ln r0 ,

ln

r
=α t.
r0

Finally the solution of the system (28) is
r = r0 eα t ,

θ = β t + θ0 .

(29a)

We can proceed in a little different way:

dr α
= r,
dθ β

β
ln r = θ + θ 0 ,
α

β dr
= dθ ,
α r

β dr
∫ α r = ∫ dθ + θ 0 ,

α 
r (θ ) = r0 exp θ  ,
β 

α 
r0 = exp θ 0  .
β 

Eq. (29) represent logarithmic spiral. The solution in Cartesian coordinates is
x = r cosθ = r0 eα t cos( β t + θ 0 ) = eα t [r0 cos β 0 cos( β t ) − r0 sin β 0 sin( β t )],

(29b)
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y = r sin θ = r0 eα t sin( β t + θ 0 ) = eα t [r0 cos β 0 sin( β t ) + r0 sin β 0 cos( β t ) ] .

Introducing initial values we get the final form of the solution
x (t ) = eα t [x (0) cos( β t ) − y (0) sin( β t )] ,

(30a)

y (t ) = eα t [x (0) sin( β t ) + y (0) cos( β t ) ] .

(30b)

The obtained solution coincides with those given in eq. (17). ■
Taking into account the results of Example 2, we can write in polar coordinates
the nonlinear system with linear part in Jordan canonical form – the system (19). As
with eq. (26) we get

r& = α r + P(r ,θ ) = ρ (r ,θ )
.
θ& = β + Q(r ,θ ) = Θ (r ,θ )

(31)

6. PRESENTATION OF PLANAR DYNAMICAL SYSTEMS IN COMPLEX FORM
In many cases it is more convenient to present the system (20) by the complex
variable z . The Cartesian coordinates x , y and the complex variable z are connected by the following relations

z = x + iy ,
x = (1 2)( z + z ) ,

z = x − iy ,

(32a)

y = [1 (2i )]( z − z ) = −(i 2)( z − z ) .

(32b)

Equations (32) can be presented in the following matrix forms:

z 1 i x
=
,
z
1 −i y

x 1 1 1 z
=
.
y 2 −i i z

(32c)

The relations between the quadratic terms are
z 2 = ( x 2 − y 2 ) + i 2 xy ,
x 2 − y 2 = (1 2)( z 2 + z 2 ) ,
x 2 = (1 4)( z 2 + 2 zz + z 2 ) ,

z 2 = ( x 2 − y 2 ) − i 2 xy ,

(33a)

xy = (i 4)( z 2 − z 2 ) ,

(33b)

y 2 = −(1 4)( z 2 − 2 zz + z 2 ) .

(33c)

The following expression can also be used

(−i ) k
x y = j +k ( z + z ) j ( z − z ) k ,
2
j

k

j≥0 ,

k ≥0 .

Thus the system (20) is transformed with the aid of presented relations as follows
f ( x, y ) = f ((1 2)( z + z ) ,[1 ( 2i )]( z − z ) ) = ϕ ( z , z ) ,
g ( x, y ) = g ((1 2)( z + z ) ,[1 ( 2i )]( z − z ) ) = ψ ( z , z ) ,

z& = x& + iy& = f ( x, y ) + ig ( x, y ) = ϕ ( z , z ) + iψ ( z , z ) = F ( z , z ) .

(34)
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The final result is
z& = F ( z , z ) .

(35)

The complex function F ( z , z ) can be presented in the following ways:
F ( z , z ) = F1 + F2 + L + Fn + O ( z
F ( z, z ) =

n +1

,z

n +1

),

∑ γ mk z m z k =[γ 10 z + γ 01 z ] + [γ 20 z 2 + γ 11 zz + γ 02 z 2 ] + L ,

(36)
(37)

m + k ≥1

m

F ( z, z ) = ∑ ∑ γ mk z k z m−k = [γ 10 z + γ 11 z ] + [γ 20 z 2 + γ 21 zz + γ 22 z 2 ] + L .

(38)

m≥1 k =0

where the F j are polynomials in z , z of order j and γ mk are complex coefficients.
Further we will use the presentation of the function F ( z , z ) given in equation (38).

Example 3: Write the Jordan canonical form of a linear system, given in eq. (27),
Example 2, in complex form (the eigenvalues are λ = α + iβ , λ = α − iβ ).
Taking into account the above given relations we find
z& = x& + iy& = (α x − β y ) + i ( β x + α y ) = α ( x + iy ) + iβ ( x + iy ) = (α + iβ )( x + iy ) = λ z ,
z& = λ z .

(39)

Proceeding by the same way as in Example 2 we find the solution of eq. (39), i.e.
z = z0 e λ t .

(40)

The expression in eq. (40) represents an equation of logarithmic spiral in complex
form. If we take into account the relations z 0 = r0 e i θ0 , λ = α + iβ , we see that the
solution (40) is identical to these in eq. (17), (29) and (30). ■
Using the results of Example 3, we can put in complex form the nonlinear system
with linear part in Jordan canonical form – the system (19). It is not difficult to obtain

z& = λz + F2 + F3 + L = λz +

m

∑ ∑ γ mk z k z m−k .

(41)

m≥ 2 k =0

This is the equation which will be used further on for obtaining the normal form of
Poincare.

7. NORMAL FORM OF POINCARE
The Hopf bifurcation occurs in a continuous dynamical system depending on a
bifurcation parameter µ . In general this system can be written as

x& = f ( x, y, µ )
y& = g ( x, y, µ )

(42)
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Let ( x0 , y 0 , µ ) = (0 , 0 , µ ) be the equilibrium point of the system (42), i.e.

f (0,0, µ ) = 0
g (0,0, µ ) = 0

(43)

Moreover, let the matrix of the linear part of the right hand side of eq. (42) has
two complex conjugate eigenvalues

λ1 ( µ ) = λ ( µ ) = α ( µ ) + iβ ( µ ) ,

λ 2 ( µ ) = λ ( µ ) = α ( µ ) − iβ ( µ ) .

In this case this matrix can be transformed into а Jordan canonical form and this
leads to a change of the initial system of differential equations. We assume that all
this has been done in advance and (42) is a system with linear part in Jordan
canonical form, i.e.
 x&   f ( x, y, µ ) α ( µ ) − β ( µ )  x   f 1 ( x, y, µ )
 ,
 y&  =  g ( x, y, µ )  =  β ( µ ) α ( µ )   y  +  1
g
(
x
,
y
,
µ
)
  
 
  


(44)

The Hopf bifurcation occurs at a bifurcation value µ 0 , for which α ( µ 0 ) = 0 ,
α ′( µ 0 ) ≠ 0 and β ( µ 0 ) ≠ 0 . At the bifurcation value µ 0 the equilibrium point (0 , 0)
becomes a centre for the system (44) and Hartman-Grobman theorem [2], [3], [5]
cannot be used. Thus the behaviour of the system (44) around the equilibrium point is
determined by the higher-order terms in (44). In order to investigate more precisely
the influence of these higher-order terms, the system (44) is transformed into a
Poincare normal form by using the successive near identity transformation [1], [2],
[3], [7], [8]. This transformation is exposed more precisely in Part 2 of the present
paper. Here we give only the final result, which is used for proving the theorem of
Poincare-Andronov-Hopf. Omitting the details for now, we can say that the system
(44) is brought into the following system:

(

N

)

& = J ( µ ) X + ∑ B p (µ ) X X 2 p + O X 2 N +2 ,
X
p =1

(45)

where
X = [ x y ]T ,

X = x2 + y2 ,

(46a)

λ ( µ ) = α ( µ ) + iβ ( µ ) ,

(46b)

C p ( µ ) = a p ( µ ) + ib p ( µ ) ,

(46c)

Re[λ ( µ )] − Im[λ ( µ )] α ( µ ) − β ( µ )
J (µ ) = 
=
 ,
 Im[λ ( µ )] Re[λ ( µ )]   β ( µ ) α ( µ ) 

(46d)

Re[C p ( µ )] − Im[C p ( µ )] a p ( µ ) − b p ( µ )
B p (µ ) = 
 = b ( µ ) a ( µ )  .
C
µ
C
µ
Im[
(
)]
Re[
(
)]
p
p
p

  p


(46e)
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The system (45) represents the normal form of Poincare for the system (44) in
Cartesian coordinates [8]. The elements of the matrices B p ( µ ) , p = 1, 2 ,L , are
determined from eq. (44). Note that in the so-called bifurcation of Hopf of the first
order, the coefficient a = a1 ( µ ) = Re[C1 ( µ )] plays a central role. It takes part in
determining the amplitude and stability of the arising limit cycle.
In coordinate form eq. (45) takes the form

(

)

 x&  α ( µ ) − β ( µ )  x  N a p ( µ ) − b p ( µ ) x
2p
2 N +2
, (47a)
 y&  =  β ( µ ) α ( µ )   y  + ∑ b ( µ ) a ( µ )  y X + O X
p
  
   p =1  p

N

(
+ O( x

x& = α ( µ ) x − β ( µ ) y + ∑[a p ( µ ) x − b p ( µ ) y ]( x 2 + y 2 ) p + O x

2 N +2

y& = β ( µ ) x + α ( µ ) y + ∑ [b p ( µ ) x + a p ( µ ) y ]( x 2 + y 2 ) p

2 N +2

p =1
N

p =1

,y
,y

2 N +2

2 N +2

)
(47b)
)

Introducing the complex variable z = x + iy , the last equation can be expressed in
the following complex form:
N

z& = λ ( µ ) z + ∑ C p ( µ ) z z

2p

+ O( z

2 N +2

),

(48a)

p =1

N

z& = λ ( µ ) z + ∑ C p ( µ ) z p+1 z p + O( z

2 N +2

).

(48b)

p =1

Equations (48) represent the normal form of Poincare for the system (44) in complex
forms.
We will also give the normal form of Poincare in polar coordinates. For this
purpose it can be used equations (47b), lemma 1, equations (22) and Example 2. But
we will get the desired result by starting from the complex equation (48а). Taking
into account the relations
z = re iθ ,

2

zz = z = r 2 ,

we obtain
N

z& = (r& + i rθ&)e iθ = λ ( µ )re i θ + ∑ C p ( µ )rr 2 p e iθ + O(r 2 N + 2 ) ,
p =1

N

(r& + i rθ&) = λ ( µ )r + ∑ C p ( µ )rr 2 p + O(r 2 N +2 ) = rh(r ,θ , µ ) ,
p =1

N

h(r ,θ , µ ) = λ ( µ ) + ∑ C p ( µ ) r 2 p + O(r 2 N + 2 ) .
p =1

The last equations give the normal form of Poincare for the system (44) in polar
coordinates
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r& = r Re[h(r ,θ , µ )]
,
θ& = Im[h(r ,θ , µ )]

(49a)

N

r& = α ( µ )r + ∑ a p ( µ )r 2 p +1 + O (r 2 N + 2 )
p =1
N

θ& = β ( µ ) + ∑ b p ( µ )r

2p

+ O(r

2 N +1

.

(49b)

)

p =1

Equations (45), (47), (48) and (49) are different presentations of the normal form
of Poincare for the system (44) – presentation in Cartesian coordinates, in complex
form and in polar coordinates, respectively. Each one of these equations is obtained
from any of the others.
Further we shall obtain the normal form of Poincare in complex form by using the
approach given in [7], [8].
Finally we have to underline that the behaviors of the nonlinear system and its
normal forms of Poincare are topological equivalents around the regarded
equilibrium point [18].
8. THEOREM OF POINCARE-ANDRONOV-HOPF
Consider eq. (44) and its normal forms of Poincare (45), (47), (48) and (49).
Retain only the first term under the sign of sum of these normal forms and neglect the
remaining high order terms. Putting
C1 ( µ ) = C ( µ ) ,

a1 ( µ ) = a ( µ ) ,

b1 ( µ ) = b( µ ) ,

B1 ( µ ) = B ( µ ) ,

(50a)

C ( µ ) = a ( µ ) + ib( µ ) ,

(50b)

Re[C ( µ )] − Im[C ( µ )] a( µ ) − b( µ )
B( µ ) = 
 =  b( µ ) a ( µ )  ,
Im[
C
(
µ
)]
Re[
C
(
µ
)]

 


(50c)

we obtain the truncated normal forms of Poincare for the system (44), i.e.
& = J ( µ ) X + B( µ ) X X 2 ,
X

(51)

 x&  α ( µ ) − β ( µ )  x  a( µ ) − b( µ )  x  2
 y&  =  β ( µ ) α ( µ )   y  + b( µ ) a( µ )   y  X ,
  
  
 

(52a)

x& = α ( µ ) x − β ( µ ) y + [a ( µ ) x − b( µ ) y ]( x 2 + y 2 )
.
y& = β ( µ ) x + α ( µ ) y + [b( µ ) x + a ( µ ) y ]( x 2 + y 2 )

(52b)

z& = λ ( µ ) z + C ( µ ) z z ,

(53a)

z& = λ ( µ ) z + C ( µ ) z 2 z .

(53b)

2
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r& = α ( µ )r + a ( µ )r 3
.
θ& = β ( µ ) + b( µ )r 2

(54)

It can be proved that the dynamics exhibited by the truncated normal form are
qualitatively unchanged when one consider the influence of the neglected higher
order terms [3].
Our further analysis is based on the equation (54). Moreover we assume that the
Hopf bifurcation occurs at the value of bifurcation parameter µ 0 = 0 . This can always
be achieved by simple linear change of the parameter. In this case the following
relation hold

α ( 0) = 0 ,

β (0) = ω ≠ 0

α ′(0) ≠ 0 ,

(55)

Expanding in Taylor’s series the functions α ( µ ) , β ( µ ) , a ( µ ) , and b( µ ) we
have:

α ( µ ) = α (0) + α ′(0) µ + O ( µ 2 ) = α ′(0) µ + O ( µ 2 ) = dµ + O ( µ 2 ) ,

(56a)

β ( µ ) = β (0) + β ′(0) µ + O ( µ 2 ) = ω + cµ + O ( µ 2 ) ,

(56b)

a ( µ ) = a ( 0) + O ( µ ) = a + O ( µ ) ,

(56c)

b ( µ ) = b ( 0) + O ( µ ) = b + O ( µ ) ,

(56d)

α ′(0) = d ,

β (0) = ω ,

β ′(0) = c ,

a(0) = a ,

b ( 0) = b .

(56e)

Under these conditions the system (54) becomes:
r& = dµ r + ar 3
,
θ& = ω + cµ + br 2

or

µd

r& = ar 
+ r2 
 a
.
2
θ& = ω + cµ + br

(57)

The system (57) contain the coefficients d , ω , c and a . The coefficients d and
ω are determined by the linear part of the equation (44) and there is no problem. As
can be seen below, at the first order approximation of the solution ( O ( µ ) approximation) the coefficient c has no influence. A main problem here is to obtain
an expression for the coefficient a . In this section we will give the expression for the
coefficient a but the deriving of this expression will be made in Part 2 of this article.
The stationary and periodic solutions of the system (57) satisfy the condition
r& = 0 , from where it follows
µd

ar 
+ r2  = 0.
(58)
 a

The solutions of the last equation are
r1 = 0 ,

r2 =

−µd
.
a

(59)
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The origin r = 0 is an equilibrium point. Moreover with µ = 0 we have r& = ar 3 .
Hence with a < 0 holds r& < 0 and with a > 0 holds r& > 0 . Consequently the origin
r = 0 is:
• Stable point with µ = 0 and a < 0 ;
• Unstable point with µ = 0 and a > 0 .
It is important to underline that with the condition µ = 0 the system (57) has
not periodic orbit.
The value of r > 0 and µ for which θ& ≠ 0 , correspond to periodic orbit of (57).
The radii r2 determines the expression for r (t ) . The expression for θ (t ) is obtaining
by replacing r2 from (59) in the second equation of (57). This allows us to formulate
the following lemma.

Lemma 2: Under the condition − ∞ < [( µ d ) a ] < 0 and µ sufficiently small,
µ ≠ 0 , the system (57) has periodic orbit, which is given by the expression
 − µd 

bd  

, ω +  c −
 µ  t + θ 0  .■
a
a  





(r (t ),θ (t ) ) = 

(60)

We note that we must have r > 0 in (60). Concerning the existing of periodic orbit
and its stability from (60) it follow four cases.

Case 1: d > 0 , a > 0 . For µ > 0 there is no periodic orbit. Since r& = dµ r + ar 3 > 0
the point (0 , 0) is unstable focus. For µ < 0 there is a periodic orbit with a radius r2
given in (59) and r& = ar[ − r22 + r 2 ] . For r > r2 it follows r& > 0 and for r < r2 it
follows r& < 0 . This means that the periodic orbit is unstable limit cycle.

Case 2: d > 0 , a < 0 . For µ < 0 there is no periodic orbit. Since r& = dµ r + ar 3 < 0
the point (0 , 0) is stable focus. For µ > 0 there is a periodic orbit with a radius r2
given in (59) and r& = ar[ − r22 + r 2 ] . For r > r2 it follows r& < 0 and for r < r2 it
follows r& > 0 . This means that the periodic orbit is stable limit cycle.

Case 3: d < 0 , a > 0 . For µ < 0 there is no periodic orbit. Since r& = dµ r + ar 3 > 0
the point (0 , 0) is unstable focus. For µ > 0 there is a periodic orbit with a radius r2
given in (59) and r& = ar[ − r22 + r 2 ] . For r > r2 it follows r& > 0 and for r < r2 it
follows r& < 0 . This means that the periodic orbit is unstable limit cycle.

Case 4: d < 0 , a < 0 . For µ > 0 there is no periodic orbit. Since r& = dµ r + ar 3 < 0
the point (0 , 0) is stable focus. For µ < 0 there is a periodic orbit with a radius r2
given in (59) and r& = ar[ − r22 + r 2 ] . For r > r2 it follows r& < 0 and for r < r2 it
follows r& > 0 . This means that the periodic orbit is stable limit cycle.■
Given the aforesaid, we can formulate the main theorem of this exposition.
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Theorem (Poincare-Andronov-Hopf Bifurcation Theorem [3]): Consider the
following depending on parameter system
 x&   f ( x, y, µ ) α ( µ ) − β ( µ )  x   f 1 ( x, y, µ )
.
 y&  =  g ( x, y, µ )  =  β ( µ ) α ( µ )   y  +  1
  
 
    g ( x, y , µ ) 

(61)

Assume that the point ( x, y, µ ) = (0 , 0 , µ ) is an equilibrium point for the system (61),

f (0,0, µ ) = 0
.
g (0,0, µ ) = 0

(62)

More over let the following conditions hold:
a) Non-hyperbolicity condition, i.e.

α ( 0) = 0 ,

β (0) = ω ≠ 0 ;

(63)

b) Transversality condition (the eigenvalues cross the imaginary axis with nonzero speed), i.e.
dα (µ )
1
d=
= ( f xµ + g yµ ) µ =0 ≠ 0 ;
(64)
d µ µ =0 2
c) Genericity condition, i.e.

a ≠ 0,

(65)

where
a=

1
( f xxx + f xyy + g xxy + g yyy ) +
16

1
+
[ f xy ( f xx + f yy ) − g xy ( g xx + g yy ) − f xx g xx + f yy g yy ]
16ω

(66)

and all partial derivative are evaluated at the bifurcation point ( x, y, µ ) = (0 , 0 , 0) .
Under these conditions the following assertions are valid:
1) For a < 0 and µ d > 0 the system (61) possesses a periodic orbit which is a
stable limit cycle. This case is referred to as a supercritical bifurcation;
2) For a > 0 and µ d < 0 the system (61) possesses a periodic orbit which is an
unstable limit cycle. This case is referred to as a subcritical bifurcation.
The amplitude and period of the arising limit cycle are determined by eq. (60), from
where it follows
−µd
2π
R=
,
.■
(67)
T=
a
ω
The coefficient a determines the stability of the periodic orbit, because of which is
called the stability coefficient. Note that when determining the coefficient a by eq.
(66), instead the functions f and g it can be used the functions f 1 and g 1 .
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Other formulations of the Poincare-Andronov-Hopf bifurcation theorem can be
found in [6], [8]. In the second part of this article will be given the transformation of
system (44) into Poincare normal form by using the successive near identity
transformation.
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HOPF BIFURCATION, NORMAL FORMS AND LIMIT CYCLES
PART 2: NEAR IDENTITY TRANSFORMATION, NORMAL FORM
OF POINCARE AND STABILITY COEFFICIENT
Zhivko Dimitrov Georgiev1, Ivan Mitev Uzunov2,
1

Department of Theoretical Electrical Engineering, 2Department of Applied Physics,
Technical University of Sofia, 8 Kl. Ohridski Blvd., 1797 Sofia, Bulgaria,
e-mail: zhdgeorg@tu-sofia.bg, ivan_uzunov@tu-sofia.bg

Abstract: The paper gives basic notions refer to the theory and applications of Hopf bifurcation in
a two-dimensional dynamical system. It is obtained the normal form of Poincare in complex
form by using near identity transformation. Then the expression for the stability coefficient is
derived. Finally the Van der Pol equation is analyzed by using Poincare-Andronov-Hopf
theorem.
Keywords: nonlinear dynamical systems, Hopf bifurcation, limit cycles.

1. BASIC NOTIONS CONCERNING NEAR IDENTITY TRANSFORMATION
Recall that Hopf bifurcation analysis starts from a nonlinear system whose linear
part is putted in the Jordan canonical form. Such a system can be written in complex
notation by the following way
z& = λ ( µ ) z +

m

∑ ∑ γ mk (µ ) z k z m−k ,

(1a)

m≥ 2 k =0

where λ ( µ ) = α ( µ ) + iβ ( µ ) , γ mk are complex coefficients and z is the complex
conjugate of z . The complex conjugate of (1a) is
z& = λ ( µ ) z +

m

∑ ∑ γ mk (µ ) z k z m−k .

(1b)

m≥ 2 k = 0

Further, we will perform successive near identity transformation in complex form
to put eq. (1a) into normal form of Poincare. In fact, this transformation is a
successive change of the variables in equation (1a) in such a way that as many of the
nonlinear terms in the resulting equations vanish as is possible. As a final result
equation (1a) is transformed into normal form of Poincare.
Successive near identity transformation in complex form of order m is defined by
the following way
m

w = z + ∑ a mk z k z m−k ,
k =0

m = 2 , 3 , 4 ,L ,

(2)

where w is a new complex variable and amk are generally complex constants. Note
that m determines the order of transformation and the degree of members in this
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transformation. With m = 2 the transformation contains z and only quadratic terms,
with m = 3 – z and only cubic terms and so on. For example with m = 2 and m = 3
we have respectively
2

w = z + ∑ a 2 k z k z 2−k = z + a20 z 2 + a 21 zz + a22 z 2 ,

(3)

k =0

3

w = z + ∑ a3k z k z 3−k = z + a30 z 3 + a31 zz 2 + a32 z 2 z + a33 z 3 .

(4)

k =0

Given above near identity transformations can be inverted locally. The inverse
transformations corresponding to (2), (3) and (4) are presented respectively by the
following relations [2], [5], [6]
m

z = w − ∑ amk w k w m−k + O ( w

m+1

),

(5)

k =0

2

z = w − ∑ a 2 k w k w 2− k + O ( w ) ,
3

(6)

k =0
3

z = w − ∑ a3k w k w 3−k + O ( w ) .
4

(7)

k =0

The application of successive near identity transformation to equation (1a) is an
iterative process. With m = 2 , 3 , 4 ,L successively is changed the variables of
equation (1a) in order to eliminate as many of the nonlinear terms of the resulting
equations as is possible. Finally equation (1a) takes a special form, which allows us
to analyze more easily the dynamical system. It should be clear that simplifying the
terms at order k does not modify any lower order terms. However, terms of order
higher than k are modified.
With the analysis further on we shall use the quantity
n −1 m

N n−1 ( z , z ) = ∑ ∑ bmk z k z m−k ,

(8a)

m =3 k =0

3

N n −1 ( z , z ) = ∑ b3k z z
k

3−k

k =0

4

+ ∑ b4 k z z
k

4−k

k =0

n −1

+ L + ∑ bn−1, k z k z n−1−k .

(8b)

k =0

It can be proved the following relations
z& = λz + O ( z ) ,
2

z k = wk + O( w
m

k +1

),

2
z& = λ z + O( z ) ,

z k = w k + O( w

z = w − ∑ a mk w k w m−k + O ( w
k =0

m+1

),

k +1

(9)
),

m = 2 , 3 , 4 ,L ,

(10)
(11)

Advanced Aspects of Theoretical Electrical Engineering, Sofia'2016

z k z m−k = w k w m−k + O( w

m +1

41

),

(12)

n

N n −1 ( z , z ) = N n −1 ( w, w ) + O( w ) .

(13)

In the exposition further we will use the following approach: a given dependence
will be proven at µ = 0 . Then we will assume that the same relationship holds for
small µ , but µ ≠ 0 . The proof of this assertion is based on the implicit function
theorem and will not be given in this article [5], [6].

2. OBTAINING THE NORMAL FORM OF POINCARE
Obtaining the normal form of Poincaré includes two stages, which will be
considered in separate subsections.

2.1. Applying near identity transformation of order 2
The near identity transformation of order 2 and its inverse transformation are
given by the relations (3) and (6). Differentiate equation (3):
2

w& = z& + ∑ a2 k (kz k −1 z 2−k z& + (2 − k ) z k z 1−k z& ) .
k =0

Inserting in the last equation expressions for z& and z& from (1) we obtain:

w& = λ z +

m

2






m

 

∑ ∑ γ mk z k z m−k + ∑ a2k [kz k −1 z 2−k ] λ z + ∑ ∑ γ m j z j z m− j   +

m≥ 2 k =0

k =0



m≥ 2 j = 0

m


 
k 1− k
+ ∑ a2 k [(2 − k ) z z ] λ z + ∑ ∑ γ m j z j z m− j   .

k =0
m≥ 2 j =0

 

 

2

(14)

Further we will only consider quadratic and cubic terms, whereupon eq. (14) yields:
2

3

k =0

k −0

w& = λ z + ∑ γ 2 k z k z 2−k + ∑ γ 3k z k z 3−k + O ( z ) +
4

2
 k −1 2−k 
3 

+ ∑ a2k [k z z ] λ z + ∑ γ 2 j z j z 2− j + O( z )  +

k =0
j =0

 
2

2


3 

k 1− k
+ ∑ a2 k [(2 − k ) z z ] λ z + ∑ γ 2 j z j z 2− j + O( z )  .

k =0
j =0

 
2

(15)

Replacing in the last equation z by its inverse function (6) and taking into account
p + q +1
) , we obtain
the relation z p z q = w p w q + O ( w
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2
2
3

k 2− k 
k 2− k
w& = λ  w − ∑ a2 k w w  + ∑ γ 2 k w w + ∑ γ 3k w k w 3−k +

k =0
 k =0
k −0
2
2


 
+ ∑ a2 k [kwk −1w 2−k ] λ w + ∑ γ 2 j w j w 2− j   +

k =0
j =0

 
2
2


 
4
+ ∑ a2 k [(2 − k ) w k w 1−k ] λ w + ∑ γ 2 j w j w 2− j   + O( w ) .

k =0
j =0

 

(16)

Eq. (16) is a general equation. It represents the new equation, which is obtained after
the transformation of equation (1a) using successive near identity transformation of
order 2 and taking into account only the quadratic and cubic terms. This equation will
be used in the later stage of our exposition. At this stage we are only interested in the
quadratic terms in this equation. Retaining only the terms with degrees including up
to 2, equation (16) becomes:
2

2

k =0

k =0

w& = λ w − ∑ a 2 k λ w k w 2−k + ∑ γ 2 k w k w 2−k +
2

[

]

+ ∑ a 2 k kλ w k w 2−k + (2 − k )λ w k w 2−k + O ( w ) .
k =0

3

(17)

Equation (17) can be written in the following final form:
w& = λ w + ∑ {γ 2 k + a2 k [(k − 1)λ + (2 − k )λ ]}w k w 2−k + O( w ) .
2

3

(18)

k =0

Equation (18) is similar to equation (1a) under the condition that in (1a) are only
taken into account the linear and quadratic terms.
Assume that in a neighbourhood of µ = 0 holds

(k − 1)λ + (2 − k )λ ≠ 0 .

(19)

In this case all the second order terms in (18) can be eliminated by setting

γ 2k + a2 k [(k − 1)λ + (2 − k )λ ] = 0 ,

a2 k =

Now when µ = 0 , λ = iω , λ = −iω and

(k − 1)λ + (2 − k )λ = (2k − 3)iω ≠ 0

− γ 2k
.
(k − 1)λ + (2 − k )λ
for

k = 0 ,1, 2 .

(20)

(21)

Hence the condition (19) is satisfied in a neighbourhood of µ = 0 and the coefficients
a 20 , a 21 , a 22 are well defined. Thus the successive near identity transformation of
order 2 is also completely determined so that the quadratic terms in (18) are
eliminated. As a summary we can say that after near identity transformation of order
2 the quadratic terms in the resulting equation vanish and equation (1a) takes the
form (after replacing w by z )
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m

′ z k z m−k ,
z& = λ z + ∑ ∑ γ mk

(22)

m≥3 k =0

′ are obtained by considering the higher order
where the complex coefficients γ mk
terms of the transformation defined above.
The presentation in this section illustrates the basic principles of application of
near identity transformation.

2.2. Applying successive near identity transformation of arbitrary order
The analysis performed in this section is a generalization of this carried out in the
previous section. Consider equation (1a) and suppose that after successive near
identity transformation of the form (2) have been used for m = 2 , 3 ,L, (n − 1) , the
differential equation takes the form
z& = λ z + N n −1 ( z , z ) +

m

∑ ∑ γ mk z k z m−k ,

(23a)

m ≥ n k =0
n +1

n

n+2

z& = λ z + N n −1 ( z , z ) + ∑ γ nk z k z n −k + ∑ γ n+1, k z k z n+1−k + ∑ (L) + L,
k =0

k =0

(23b)

k =0

where N n−1 ( z, z ) is determined by eq. (8) and contains those terms of order less than
n , which cannot be eliminated by near identity transformation of order less than n .
Neglecting in equation (23) the terms having order greater than n , we obtain
n

z& = λ z + N n−1 ( z , z ) + ∑ γ nk z k z n−k + O( z

n +1

).

(24)

k =0

Now let us apply to equation (24) the next near identity transformation (of order n ):
n

w = z + ∑ a nk z k z n −k .

(25)

k =0

The inverse transformation of (25) is
n

z = w − ∑ a nk w k w n −k + O( w

n +1

).

(26)

k =0

As in the previous section, differentiate equation (25):
n

w& = z& + ∑ a nk (kz k −1 z n−k z& + (n − k ) z k z n−k −1 z& ) .
k =0

Inserting in the last equation expressions for z& (and z& ) from (24) we obtain:
n

w& = λ z + N n−1 ( z , z ) + ∑ γ nk z k z n −k + O( z
k =0

n +1

)+

(27)

44

15.09.16 – 16.09.16, Sofia, Bulgaria
n


n +1  

k −1 n − k
+ ∑ ank  [kz z ] λ z + N n−1 ( z, z ) + ∑ γ n j z j z n− j + O( z )  +

k =0
j =0

 
n

n


n +1  

k n − k −1
+ ∑ ank  [(n − k ) z z
] λ z + N n−1 ( z, z ) + ∑ γ n j z j z n− j + O( z )  . (28)

k =0
j =0

 
n

After using equations (26) and (12), eq. (28) becomes
n
n

n+1
k n−k 
w& = λ  w − ∑ ank w w  + N n−1 ( w, w ) + ∑ γ nk w k w n−k + O( w ) +


k =0
k =0
n
n


n 
n+1  
+ ∑ ank  [kw k −1w n−k + O( w )] λ w + N n−1 ( w, w ) + ∑ γ n j w j w n− j + O( w )  +

k =0
j =0

 
n

n 
n +1  

k n− k −1
+ ∑ ank  [(n − k ) w w
+ O( w )] λ w + N n−1 ( w, w ) + ∑ γ n j w j w n− j + O( w ) 

k =0
j =0

 
(29)
Retaining only the terms up to order n , eq. (29) yields:
n

n
n


w& = λ  w − ∑ ank w k w n−k  + N n−1 ( w, w ) + ∑ γ nk w k w n−k +
k =0
k =0


n

[

]

+ ∑ ank kλw k w n −k + (n − k )λ w k w n −k + O( w
k =0

n +1

).

(30)

Equation (30) can be written in the following final form
w& = λ w + N n −1 ( w, w ) +

+ ∑ {γ nk + a nk [(k − 1)λ + (n − k )λ ]}w k w n−k + O ( w
n

n +1

).

(31)

k =0

Provided in a neighbourhood of µ = 0 the condition holds

(k − 1)λ + (n − k )λ ≠ 0 ,

(32)

we can define the coefficients in transformation (25) by

ank =

− γ nk
.
(k − 1)λ + (n − k )λ

(33)

In this case the new differential equation has no terms of the type w k w n−k . We will
consider more detailed this process in order to understand which terms are
eliminated. At µ = 0 , λ = iω , λ = −iω and the condition (32) becomes:
[2k − (n + 1)](iω ) ≠ 0 .

(34)
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If n is even number, the condition (34) (respectively (32)) is always satisfied and the
transformation (25) is well defined. This means that after this transformation the new
equation has no terms of even order, i.e. the terms of the type w p w q ,
p + q = even number vanish. This result is a generalization of those obtained in
section 2.1, where the quadratic terms only vanish. So, the new equation is simpler
than that shown in equation (22) and has the form (after replacing w by z ):

z& = λ z +

∑

m

3

5

k =0

k =0

′′ z k z m−k = λ z + ∑ γ 3′′k z k z 3−k + ∑ γ 5′′k z k z 5−k + L , (35a)
∑ γ mk

m=3 , 5 , 7 ,L k =0

′′ z 3 + λ31
′′ zz 2 + γ 32
′′ z 2 z + γ 33
′′ z 3 ) +
z& = λ z + (γ 30
′′ z 5 + λ51
′′ zz 4 + γ 52
′′ z 2 z 3 + γ 53
′′ z 3 z 2 + γ 54
′′ z 4 z + γ 55
′′ z 5 ) + L .
+ (γ 50

(35b)

Suppose now that n is odd number, i.e. n = 2 p + 1 . In this case when k = p + 1 the
condition (34) can not be satisfied and it will be impossible to define the required
coefficients in transformation (25). This means that the terms of the type
w k w n−k = w p +1 w 2 p +1−( p +1) = w p +1w p = w w

2p

can not be eliminated. Consequently in the performance of each successive near
identity transformation of odd order it will remain terms containing w p +1 w p (in
traditional coordinates z p +1 z p ). Thus eq. (35) becomes
′′′ z 2 z + γ 53
′′′ z 3 z 2 + L .
z& = λ z + γ 32

(36)

Eq. (36) can be written in the following way
N

z& = λ ( µ ) z + ∑ C p ( µ ) z p+1 z p + O( z

2 N +2

),

(37a)

).

(37b)

p =1
N

z& = λ ( µ ) z + ∑ C p ( µ ) z z

2p

+ O( z

2 N +2

p =1

This is normal form of Poincare corresponding to equation (1) [2], [5], [6]. Equation
(37) is used in part 1 of the present article. Note that the results presented in (37)
express the essence of the normal form theorem given in [2]. Moreover, the terms in
eq. (37) are called resonance terms.

3. OBTAINING THE STABILITY COEFFICIENT
3.1. Summary of previously known results
Hopf Bifurcation analysis begins with the system
x& = f ( x, y, µ ) = α ( µ ) x − β ( µ ) y + f 1 ( x, y, µ )
.
y& = g ( x, y, µ ) = β ( µ ) x + α ( µ ) y + g 1 ( x, y, µ )

(38)
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This system has an equilibrium point ( x, y, µ ) = (0 , 0 , µ ) . The linear part of the
system (linearized around this equilibrium point) has complex conjugate pair of
eigenvalues λ ( µ ) = α ( µ ) + iβ ( µ ) , λ ( µ ) = α ( µ ) − iβ ( µ ) and is transformed into the
Jordan canonical form. The system (38) can be written in the following complex form
m

z& = λ ( µ ) z +

∑ ∑ γ mk (µ ) z k z m−k .

(39)

m≥ 2 k =0

In the previous sections it was shown how equation (39) is transformed into a normal
form of Poincare (37). In our presentation it was considered the following special
case of the normal form (37) (see part 1 of this article)
z& = λ ( µ ) + C ( µ ) z z + O ( z ) ,
2

4

(40)

where C1 ( µ ) = C ( µ ) = a ( µ ) + ib ( µ ) . In this case the stability coefficient a is defined
by the following way (see part 1 of this article)
a = a (0) = Re[C (0)] .

(41)

It is clear that to find the coefficient a , we need to find the coefficient in front of the
cubic term in normal form of Poincare (40). Thus it is necessary to do the two near
identity transformations of order two and three and then identify the coefficient as a
function of the original equation. Our final goal will be to express coefficient a by
the coefficients γ mk in equation (39), and then by functions f and g in the initial
equation (38).
Further, large part of the analysis will be made at µ = 0 , but the results remain
valid in a neighborhood of µ = 0 . In this analysis we will assume that with µ = 0 we
have γ mk (0) = γ mk .

3.2. Expressing of C (0) after near identity transformation of order 2 and 3
Consider equation (39) at µ = 0 ( λ = iω )

z& = iω z +

m

∑ ∑ γ mk z k z m−k .

(42)

m≥ 2 k =0

After performing near identity transformation of order 2 defined by eq. (3), equation
(42) is transformed into an equation without terms with even degrees, i.e.
3

w& = iω w + ∑ γ 3′ k w k w 3−k + O( w ) =
4

k =0

′ w 3 + γ 31
′ ww 2 + γ 32
′ w 2 w + γ 33
′ w3 ) + O( w ) .
= iω w + (γ 30
4

(43)

Now after performing near identity transformation of order n , n > 2 , equation (43) is
transformed into an equation which contains only terms of the type w p +1 w p , i.e.
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′ q 2 q + O( q ) .
q& = iω q + γ 32
4

(44)

With µ = 0 equation (40) is identical to equation (44). From (40) and (44) it follows
′ .
C (0) = γ 32

(45)

Equation (44) was obtained with the use of the properties of the common near
identity transformation of order n . In addition we will present in more detail the
receiving of equation (44) by using near identity transformation of order 3.
Consider the equation (43), which is obtained from equation (42) after near
identity transformation of order 2. Perform in equation (43) near identity
transformation of order 3. This transformation and its inverse are given by the
relations
3

q = w + ∑ a3k w k w 3−k ,

(46a)

k =0
3

w = q − ∑ a3k q k q 3−k .

(46b)

q& = w& + ∑ a3k [kwk −1w 3−k w& + (3 − k ) w k w 2−k w& ] .

(47)

k =0

Differentiate equation (46a):
3

k =0

Inserting in equation (47) expressions for w& and w& from (43) we obtain:
3

q& = iω w + ∑ γ 3′ k w k w 3−k + O( w ) +
4

k =0

3
 k −1 3−k 
4 

+ ∑ a3k kw w iω w + ∑ γ 3′ j w j w 3− j + O( w )  +

k =0
j =0

 
3

3
3


4 

+ ∑ a3k (3 − k ) w k w 2−k − iω w + ∑ γ 3′ j w j w3− j + O( w )  .

k =0
j =0

 

(48)

Retain in equation (48) only the cubic terms:
3

q& = iω w + ∑ γ 3′ k w w
k =0

k

3− k

3

+ ∑ a3k [(2k − 3)(i ω )]w k w 3−k + O ( w ) .
4

(49)

k =0

Substituting into the last equation w by its inverse function (46b) and taking into
p + q +1
account the relation w p w q = q p q q + O( q
) , we obtain
3
3
3

4
k 3− k 
k 3− k
q& = iω  q − ∑ a3k q q  + ∑ γ 3′ k q q + ∑ a3k [(2k − 3)(i ω )]q k q 3−k + O( q ) . (50)

k =0
 k =0
k =0

Equation (50) can be written in the following final form:
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3

q& = iω q + ∑ {γ 3′ k + a3k [(2k − 4)(i ω )]}q k q 3−k + O ( q ) .
4

(51)

k =0

With k = 0 ,1, 3 the relations hold:

− γ 3′ k
,
k = 0 ,1, 3 .
(52)
(2k − 4)iω
This means that the corresponding terms in equation (51) vanish. Moreover the
coefficients a30 , a31 and a33 in the near identity transformation (46) are well defined.
With k = 2 the corresponding cubic term in equation (51) can not be eliminated and
equation (51) is reduce to the equation (44). Hence equation (44) is again proven.

γ 3′ k + a3k [(2k − 4)iω ] = 0 ,

a3 k =

3.3. Expressing of the stability coefficient by the coefficients of the initial
complex system
′ (and hence C (0) and a ) by the
In this section we will express the coefficient γ 32
coefficients γ mk of the initial complex system. Recall that after applying near identity
transformation of order 2 (eq. (3)) to equation (1a) and taking into account only the
quadratic and cubic terms, we obtain equation (16). Let group the quadratic terms in
equation (16):

w& = λ w + ∑ γ 3k w k w 3−k + ∑ {γ 2 k + a2 k [λ (k − 1) + λ (2 − k )]}w k w 2−k +
3

2

k −0

k =0


 2
 2
+  ∑ a2 k kw k −1 w 2−k   ∑ γ 2 j w j w 2− j  +
 k =0
  j =0

 2

 2
4
k 1−k  
+  ∑ a 2 k ( 2 − k ) w w   ∑ γ 2 j w j w 2− j  + O( w ) .
 k =0
  j =0


(53)

Suppose now that µ = 0 ( λ = iω , λ = −iω ) and write equation (53) by the following
way:
w& = iω w + (γ 30 w 3 + γ 31 ww 2 + γ 32 w 2 w + γ 33 w3 ) +
2

+ ∑ {γ 2 k + a2 k (2k − 3) (iω ) }w k w 2−k +
k =0

+ ( a 21 w + 2a 22 w)(γ 20 w 2 + γ 21 ww + γ 22 w 2 ) +

+ (2a 20 w + a 21w)(γ 20 w 2 + γ 21w w + γ 22 w 2 ) + O( w ) .
4

(54)

It is easy to see that [(2k − 3)(iω )] ≠ 0 for k = 0 ,1, 2 . Then we can suppose

γ 2 k + a 2 k ( 2k − 3)(iω ) = 0 .

(55)
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The last equation allows us to determine the coefficients in the near identity
transformation of order 2 defined in eq. (3) by the following way:

a2 k =
a20 =

− γ 2k
,
(2k − 3)(iω )

γ 20
,
3iω

a21 =

γ 21
,
iω

k = 0 ,1, 2 ,
a22 =

(56a)

− γ 22
.
iω

(56b)

Moreover the quadratic terms in (54) vanish and equation (54) becomes
w& = iω w + (γ 30 w 3 + γ 31 ww 2 + γ 32 w 2 w + γ 33 w3 ) +
+ ( a 21γ 20 w 3 + a21γ 21 ww 2 + a21γ 22 w 2 w + 2a 22γ 20 ww 2 + 2a22γ 21 w 2 w + 2a 22γ 22 w3 ) +
+ ( 2a20γ 20 w 2 w + 2a 20γ 21 ww 2 + 2a20γ 22 w 3 + a21γ 20 w3 + a 21γ 21 w 2 w + a 21γ 22 ww 2 ) +
4

+ O( w ) .

(57)

It can be stated that equation (57) is obtained from equation (42) after applying near
identity transformation of order 2. Equation (57) has the form of equation (43).
Above it has been proven that after performing the near identity transformation of
order n , n > 2 , equation (57) is transformed to the new equation, which contains only
p +1 p
terms of the type w w . As a result equation (57) yields
w& = iω w + γ 32 w 2 w +

+ (a 21γ 22 w 2 w + 2a22γ 21w 2 w ) + (2a 20γ 20 w 2 w + a 21γ 21w 2 w ) + O ( w ) .
4

(58)

Equations (44) and (58) are identical. Then it follows
′ = γ 32 + a 21γ 22 + 2a 22γ 21 + 2a 20γ 20 + a 21γ 21 .
γ 32

(59)

Taking into account eq. (56b), equation (59) becomes
′ = γ 32 +
γ 32

γ γ
γ 21γ 22
γ γ
γ γ
− 2 21 22 + 2 20 20 + 21 21 ,
iω
iω
3 iω
iω
γ
γ
γ γ
− 21 22 + 2 20 + 21 .
iω
3 iω
iω
2

′ = γ 32
γ 32

2

(60)

Using (60) and equations (41) and (45) we obtain
2
2

γ 20
γ 21 
γ 21γ 22
′ ] = Re γ 32 −
+2
+
a = Re[C (0)] = Re[γ 32
,
iω
3 iω
iω 



γ γ 

a = Re γ 32 − 21 22  .
iω 


(61)
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In this way the stability coefficient is expressed by the coefficients of initial complex
system.
3.4. Expressing of the stability coefficient in Cartesian coordinates
With µ = 0 we have α (0) = 0 , λ (0) = i ω , λ (0) = −i ω and the systems (38) and
(39) take the forms
x& = f ( x, y,0) = −ω y + f 1 ( x, y,0)
,
y& = g ( x, y,0) = ω x + g 1 ( x, y,0)

z& = i ω z +

m

∑ ∑ γ mk z

k

z

2

= i ω z + ∑ γ 2k z z

m −k

m≥ 2 k =0

k

2 −k

k =0

(62)
3

+ ∑ γ 3k z k z 3−k + L .

(63)

k =0

We shall determine the complex coefficients γ 2 k and γ 3k in terms of partial
differentials of the original real functions f and g . Further we shall use the notations
f ( x, y, 0) = f ( x, y ) and g ( x, y, 0) = g ( x, y ) .
The expansions as Taylor series of the functions f and g are
f ( x, y ) = −ω y +

m

1

∑ ∑ k!(m − k )! f x y

k ( m− k )

x k y ( m−k ) ,

(64a)

m≥ 2 k =0

g ( x, y ) = ω x +

m

1

∑ ∑ k!(m − k )! g x y

k ( m−k )

x k y ( m −k ) .

(64b)

m≥ 2 k =0

Taking into account only the quadratic and cubic terms ( m = 2 and m = 3 ) gives
f ( x, y ) = −ω y +
+

1
1
1
1
f yyy y 3 + f xyy xy 2 + f xxy x 2 y + f xxx x 3 + L ,
3!
2!
2!
3!

g ( x, y ) = ω x +
+

1
1
1
f yy y 2 + f xy xy + f xx x 2 +
2!
1!
2!
(65a)

1
1
1
g yy y 2 + g xy xy + g xx x 2 +
2!
1!
2!

1
1
1
1
g yyy y 3 + g xyy xy 2 + g xxy x 2 y + g xxx x 3 + L .
3!
2!
2!
3!

(65b)

Further the series (65) are presented in the following way:
2

3

k =0

k =0

2

3

f ( x, y ) = −ω y + ∑ b2 k x k y ( 2−k ) + ∑ b3k x k y (3−k ) + L ,
g ( x, y ) = ω x + ∑ c2 k x k y ( 2−k ) + ∑ c3k x k y (3−k ) + L ,
k =0

where

k =0

(66a)
(66b)
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b20 = (1 2) f yy ,

b21 = f xy ,

b30 = (1 6) f yyy ,

b31 = (1 2) f xyy ,
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b22 = (1 2) f xx ,

c20 = (1 2) g yy ,

c21 = g xy ,

c30 = (1 6) g yyy ,

c31 = (1 2) g xyy ,

b32 = (1 2) f xxy ,

(67a)
b33 = (1 6) f xxx ,

c22 = (1 2) g xx ,

c32 = (1 2) g xxy ,

(67b)
(67c)

c33 = (1 6) g xxx .

(67d)

Introducing the complex variable z = x + iy we obtain
z& = x& + iy& = f ( x, y ) + ig ( x, y ) =
2

= i ω z + ∑ (b2 k + ic2 k ) x y
k

k =0

( 2− k )

3

+ ∑ (b3k + ic3k ) x k y (3−k ) + L .

(68)

k =0

Substituting x and y by the relations x = (1 2)( z + z ) , y = −(i 2) ( z − z ) , equation
(68) becomes
2
1
i ( 2 −k )
k
z& = i ω z + ∑ (b2 k + ic2 k ) k ( z + z )
( z − z ) ( 2− k ) +
( 2− k )
2
(−2)
k =0

1
i (3−k )
k
+ ∑ (b3k + ic3k ) k ( z + z )
( z − z ) (3−k ) + L .
( 3− k )
2
(−2)
k =0
3

(69)

Equations (63) and (69) present one and the same equation written in various ways.
In this case firstly, making equal the quadratic terms in these equations we obtain:

γ 20 z 2 + γ 21 zz + γ 22 z 2 = −(1 4)(b20 + ic 20 )( z − z ) 2 +
+ ( − i 4)(b21 + ic 21 )( z + z )( z − z ) + (1 4)(b22 + ic 22 )( z + z ) 2 .

(70)

Equalizing the coefficients in front of z 2 , zz , z 2 , it follows:

γ 20 = (1 4)(b22 + ic 22 ) + (i 4)(b21 + ic 21 ) − (1 4)(b20 + ic 20 ) ,

(71a)

γ 21 = (1 2)(b22 + ic 22 ) + (1 2)(b20 + ic 20 ) ,

(71b)

γ 22 = (1 4)(b22 + ic 22 ) − (i 4)(b21 + ic 21 ) − (1 4)(b20 + ic 20 ) .

(71c)

Taking into account (67), the last equations yield:

γ 20 = (1 8)[( f xx − 2 g xy − f yy ) + i ( g xx + 2 f xy − g yy )] ,

(72a)

γ 21 = (1 4)[( f xx + f yy ) + i( g xx + g yy )] ,

(72b)

γ 22 = (1 8)[( f xx + 2 g xy − f yy ) + i ( g xx − 2 f xy − g yy )] .

(72c)

Now, making equal the cubic terms in equations (63) and (69) we obtain

1
i (3−k )
k
γ 30 z + γ 31 zz + γ 32 z z + γ 33 z = ∑ (b3k + ic3k ) k ( z + z )
( z − z ) (3−k ) .(73)
( 3− k )
2
(−2)
k =0
3

2

2

3

3
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We only need the expression for the coefficient γ 32 . After quite long, but straightforward calculations we get the coefficient in front of z 2 z of the right side of
equation (73). Thus we can write

γ 32 = (3 8)(b33 + ic33 ) − i (1 8)(b32 + ic32 ) + (1 8)(b31 + ic31 ) − i (3 8)(b30 + ic30 ) . (74)
Inserting in the last equation the relations (67) we find

γ 32 = (1 16)[( f xxx + g xxy + f xyy + g yyy ) + i( g xxx − f xxy + g xyy − f yyy )] .

(75)

We are now able to calculate the stability coefficient a . It follows from eq. (61):

γ γ 
1

a = Re γ 32 − 21 22  = Re[γ 32 ] − Im[γ 21γ 22 ] =
ω
iω 

= Re[γ 32 ] −

1

ω

(Re[γ 21 ] Im[γ 22 ] + Im[γ 21 ] Re[γ 22 ]).

(76)

Substituting in equation (76) the corresponding quantities from equations (72) and
(75) and after some calculations we get the final expression for the stability
coefficient:
′ ] = (1 16)( f xxx + g xxy + f xyy + g yyy ) +
a = Re[C (0)] = Re[γ 32

[

]

+ [1 (16ω )] ( f xx + f yy ) f xy − ( g xx + g yy ) g xy − f xx g xx + f yy g yy .

(77)

4. EXAMPLE: APPLICATION OF POINCARE-ANDRONOV-HOPF THEOREM
TO VAN DER POL EQUATION
4.1. Introductory notions
Consider the classical Van der Pol equation

d 2w
dw
− µ (1 − w 2 )
+ w = 0.
2
dt
dt

(78)

The Hopf bifurcation analysis and the Poincare-Andronov-Hopf bifurcation theorem
are not directly applicable to this equation, since the method of normal forms is valid
locally in the neighborhood of the equilibrium point. But it is well known that
equation (78) has a limit cycle which is a circle with radius 2, or self-sustained
oscillation having amplitude 2. To make it possible to apply the method of normal
forms and Hopf bifurcation analysis we perform the substitution [7]
x = µ w,

(79)

&x& − ( µ − x 2 ) x& + x = 0 .

(80)

where upon equation (78) becomes

The last equation can be written as a system by the following way
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For further analysis denote

53

x& = y
.
(81)
y& = − x + ( µ − x 2 ) y
~
~
f ( x, y ) = y , g~ ( x, y ) = − x + ( µ − x 2 ) y , F = ( f , g~ ) ,

x = ( x, y ) T .

4.2. Obtaining the system with linear part
The point ( x0 , y 0 ) = (0 , 0) is an
have
~
∂ f

x
D F ( x) =  ∂ ~
∂ g
 ∂ x

equilibrium point for the system (81). Then we
~
∂f

0
∂y=
∂ g~  − 1 − 2 xy
∂ y 

a
A = D F (0) =  11
a 21

1 
,
µ − x 2 

a12   0 1 
.
=
a 22   − 1 µ 

(82)

Thus the system (81) takes the form

 x&   0 1   x   0 
 y&  = − 1 µ   y  + − x 2 y  ,
  
  


(83a)

x& = Ax + F0 ( x, µ ) ,

(83b)

 f 0 ( x, y , µ )   0 
F0 (x, µ ) =  0
 =  2 .
g
(
x
,
y
,
µ
)

 − x y 

(84)

The linear part of the last system should be represented in Jordan canonical form.
4.3. Obtaining the system with linear part in Jordan canonical form
The eigenvalues of the matrix A are obtained from the following equation

− λ
p A (λ ) = det 
 −1
from where it follows

1 
= λ2 − µλ + 1 = 0 ,

µ − λ

λ1 = λ ( µ ) = α ( µ ) + iβ ( µ ) ,

(85)

λ 2 = λ ( µ ) = α ( µ ) − iβ ( µ ) ,

α ( µ ) = (1 2) µ , β ( µ ) = (1 2) 4 − µ 2 , α (0) = 0 , β (0) = ω = 1 . α ′(0) = 1 2 , µ < 2 .
In order to transform the system (83) to a new system having linear part in Jordan
canonical form, we define new variables u and v , y = (u , v )T and the matrix M , for
which [7]
0
0   1

 a
(86a)
M =  12
=

2,

α − a11 − β   µ 2 − (1 2) 4 − µ 
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1 a12
0  

M −1 = 
=
(α − a11 ) ( β a12 ) (−1) β   µ

0

2 .
(−2) 4 − µ 

1
4 − µ2

(86b)

The old variables x = ( x, y )T and the new variables y = (u , v ) T are connected by the
following way:
x = My ,
(87a)
0
 u 
x  1
=
 y   µ 2 − (1 2) 4 − µ 2   v  ,
  
 
x=u
y = (1 2) µ u − (1 2) 4 − µ 2 v

(87b)

.

(87c)

With the new variables system (83) becomes
α
J = M AM = 
β
−1

y& = Jy + F1 ( y , µ ) ,

(88)

− β   ( µ 2)
− 4 − µ 2 2
=
,
α   4 − µ 2 2
( µ 2) 

(89)

F1 (y , µ ) = M −1F0 (My , µ ) .

To find F1 ( y , µ ) we calculate successively

(90)

)

(

1
g 0 = −x2 y = − u 2 µ u − 4 − µ 2 v ,
2

(91)

0


F0 (My , µ ) = 
2
2
,
−
(
1
2
)
u
(
µ
u
−
4
−
µ
v
)



(92)


F1 (y , µ ) = M −1F0 (My , µ ) = 
3
[( µ u )

0

2
2 .
4 − µ ] − u v

(93)

Now the final form of the analyzed system is
u&  
µ 2
 v&  = 
  (1 2) 4 − µ 2

− (1 2) 4 − µ 2  u  
  + 
3
µ 2
  v  [( µ u )

f 1 (u , v.µ ) = 0 ,

g 1 (u , v, µ ) =

µ
4−µ

2

0

2
2 ,
4 − µ ] − u v

u 3 − u 2v .

4.4. Determining the parameters of limit cycle (periodic oscillations)
In our case we have d = α ′(0) = 1 2 , ω = β (0) = 1 and

(94)

(95)
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[

a = (1 16)( f 1uuu + g 1uuv + f 1uvv + g 1vvv ) +

55

]

+ [1 (16 ω )] ( f 1uu + f 1vv ) f 1uv − ( g 1uu + g 1vv ) g 1uv − f 1uu g 1uu + f 1vv g 1vv .

(96)

At the point (u , v) = (0 , 0) all derivatives are zero, except for the derivative g 1uuv , for
which holds g 1uuv = −2 . Then we obtain a = −1 8 . Consequently with µ > 0 the
system (94) has a stable limit cycle (supercritical bifurcation), which in polar
coordinates is given by

(r (t ),θ (t ) ) = (

)

(− µ d ) a , ω t + θ 0 = (2 µ , t + θ 0 ) .

(97)

In Cartesian coordinates the periodic oscillations are described by
u (t ) = 2 µ cos(t + θ 0 ) ,

v (t ) = 2 µ sin(t + θ 0 ) .

(98)

We note that the amplitude of these oscillations is R = 2 µ . The solution of the
equation (80) is x (t ) = u (t ) = 2 µ cos(t + θ 0 ) . Finally the solution of equation (78) in
O ( µ ) -approximation is w(t ) = x(t ) µ = 2 cos(t + θ 0 ) . This periodic oscillation
corresponds to limit cycles, which is a circle with radius 2. This is a known result,
which was obtained in our presentation by the Hopf bifurcation theory.

5. CONCLUSIONS
In the two parts of our manuscript we give a short introduction in the theory of
Hopf bifurcation in a two-dimensional nonlinear dynamical systems. In the first part
we give the basic notions and formulate the Poincare -Andronov -Hopf Bifurcation
theorem. The important feature of our presentation is the complete derivation of the
expression for the stability coefficient given in the second part of the work. This
derivation is obtained through the normal form of Poincare introduced by means of
the near identity transformation. The presented here theory is illustrated in the
analysis of Van der Pol equation.
Using this approach the authors recently investigated of the influence of
intrapulse Raman scattering on stationary pulses in the presence of linear and
nonlinear gain [21]. It has been proved that the strong dependence of the pulse
dynamics on the parameter which describe intrapulse Raman scattering is related to
the existence of Poincare -Andronov -Hopf Bifurcation. The stability of the
corresponding limit cycle has been performed by the use of the stability coefficient
expression, which was derived here.
Finally we believe that the presented here brief introduction in the theory of the
Hopf bifurcation in a two-dimensional nonlinear dynamical systems could be helpful
for the work in this field.
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COSIMMA: A MODULAR SIMULATION FRAMEWORK
BASED ON CCM
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Leibniz Universität Hannover, Appelstr. 9A., 30167, Hannover,
phone: +49 511 762-3237, e-mail: popp@tet.uni-hannover.de

Abstract: In this paper the implemented concepts of the modular simulation framework
CoSimMA are introduced. Based on the so called component connection modeling it is shown,
how different simulator modules can be combined in a flexible way in order to perform
several system simulation tasks. Moreover, the presented implementation concept offers a full
accessibility of all core components of the simulator which enables the development and
evaluation of improved simulation algorithms like dynamic order reduction techniques, model
aggregation schemes or even customized numerical equation solvers.
Keywords: system simulation, dynamical systems, interconnected systems, component connection
modeling

1. INTRODUCTION
Tools for the simulation of electronic circuits, electric power systems or more
general dynamic input-output systems are widely available. Sophisticated model
libraries as well as powerful analysis capabilities which are implemented in these
tools find numerous applications in modern industry and scientific research. SPICE
[1] and its various derivates and other widely used toolsets like Cadence Spectre [2]
are well known simulation environments in the circuit design process. Simulation
tasks arising from the operation, design and optimization of electric power systems
can be performed with specialized software packages like DIgSILENT PowerFactory
[3] or EMTP-RV [4]. More general input-output systems in the meaning of control
theory or communications engineering can be analyzed for example with Matlab/
Simulik [5] or one of its derivatives, e.g. GNU Octave [6] or Scilab/Scicos [7] with
reasonable effort.
On the one hand, all the simulation tools mentioned above offer more or less
comfortable interfaces for extending the model libraries or the capabilities for
analyzing raw simulation data. On the other hand, core elements of the actual
simulation engine like the resulting system of equations or the numerical integrators
for transient computations cannot be accessed and manipulated directly by the user. If
only the simulation result itself is in the focus of investigation, this missing
accessibility is an issue of minor importance. But if the task is to examine model
order reduction techniques for large interconnected dynamical systems, cf. [8, 9], or
to analyze the influence of different equation solving algorithms, cf. [10-12], on the
simulation performance, simulator core components have to be accessed and
manipulated. In the latter case the restriction mentioned before prohibits the
utilization of standard simulation environments for this kind of purposes.
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In order to satisfy the requirement
r
of simulating large inter
erconnected systems
while simultaneously havingg full access to and the control over all involved parts of
the simulation process the presented
p
framework CoSimMA (compone
ponent simulator in
a modular approach) had beeen designed. The main concepts which
ich are implemented
in CoSimMA are introducedd and outlined in the following.
Section 2 gives a brief summary
su
of the so called component coonnection modeling
(CCM), which constitutes thhe foundation of the implemented hanndling of individual
subsystems and the way how the overall system of equations is built
bu up. CoSimMA
embeds the CCM into a fully
lly functional system level simulator. The
T further modules
needed for this and their interac
teraction are described schematically in section 3. As an
example, section 4 finally trreats the transient simulation of a sim
mple but illustrative
interconnected dynamical syystem within the framework of CoSimM
MA.
2. OVERVIEW OF COMPONENT CONNECTION MODELING
Based on the network thheoretic question on how to represent circuit
cir
equations as
input-output-systems the conncept of a so called connection function
on was presented in
[13]. Due to the existence of
o adders and scalar multipliers within the interconnection
network described by suchh a connection function it is possib
ible to incorporate
subsystems with a more geeneral Ohm’s relation than it would be possible with an
interconnection network based solely on Kirchhoff’s laws [14, pp. 175]. This leads to
the CCM presented in [15]]. Therein it is possible to handle geeneral input-output
systems Si, which are call
lled components throughout the fram
mework, in several
representations, i.e. linear and
a nonlinear algebraic or differentiaal equations, which
build up a compound system
m. Each component Si has inputs colleccted in the vector ui
and outputs represented by the vector yi and the inputs and output
uts of the compound
systems are uS and yS, respeectively. Instead of directly substituting
ng the components’
inputs ui by other compone
ponents’ outputs yj and the compound syste
stems’ inputs uS in
order to obtain a functional
al description of the compound system
m, CCM keeps the
single components Si separaate from other components as well as from the interconnection network. This subtle
s
but essential difference is deppicted schematically
in Fig. 1. The increased complexity
co
of this description offers the
th benefit that all
intermediate signals can be accessed at each stage of the modelin
odeling and simulation
process.

Fig. 1(a). Compound system consisting of interconnected subsystems Si,
(b) compound system decomposed in separate subsystems Si
and a separate interconnection network according to the CCM
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According to these fundamental ideas of the CCM, a compound system consisting
of n interconnected single components Si is completely described by the two sets of
equations
ܝ
۱ଵଵ ۱ଵଶ ܡ
࢟ = ܵ( )ܝ,
ቂ࢟ ቃ =  ۱
൨ቂ ቃ
(1),(2)
ࡿ
ଶଵ ۱ଶଶ ࡿܝ
with y = [y
y1 , … , yn ]T, u = [u
u1 , … , un ]T and S(u
u) = [S1 (u
u1 ), … , Sn (u
un )]T and the
linear interconnection network is expressed by the submatrices C11, C12, C21 and
C22. In [14] it is stated, that (2) takes the form of a state space representation, if all
components in S are only integrators. The first equation in (2) then becomes the state
equation and the second equation in (2) serves as the observer equation. For this
reason the CCM can be understood as a generalization of the state space concept.
Besides the CCM there are other theoretical concepts dealing with systems
composed form subsystems or components. As an example the so called tearing
introduced by Gabriel Kron [16] is mentioned. Compared to CCM, this approach
demands more restrictions on the division of systems to be analyzed and therefore
CCM had been chosen as the underlying theoretical framework of CoSimMA.
3. IMPLEMENTED CONCEPTS IN COSIMMA
The presented simulation framework CoSimMA is based upon the CCM which
had been briefly introduced in section 2. After some general remarks on the utilized
programing paradigms and implementation aspects within the problem solving
environment MATLAB [5] this section gives an overview of further modules
contained in CoSimMA, cf. Fig. 2.
In principle it would be possible to implement all software modules belonging to
a framework like CoSimMA by using the classical functional programming.
However, in practice it turns out, that with growing functionality the code
complexity rises rapidly which makes the implementation process of new features
slow and prone to errors. For this reason, CoSimMA had been designed under
extensive use of the object-oriented programming paradigm (OOP) within
MATLAB, cf. [17]. The intrinsic coupling of an objects’ properties (variables) and
methods (functions working on that properties) helps to keep the focus on the
problem itself instead of handling more and more complicated data structures.
Furthermore, OOP offers the possibility to derive specialized objects from already
existing ones. Due to this so called inheritance, the new object can make use of
properties and methods already defined in the more general object, which avoids
the need of implementing things more than once.
The main object within CoSimMA is the so called component which models a
subsystem in the sense of CCM. It contains the components’ input-output
relationship, which can be an algebraic function, an ordinary differential equation in
explicit, implicit or mass matrix form or in extension to the work of DeCarlo and
Saeks [15] even semi-explicit differential algebraic equations. Furthermore, all meta
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data needed for the connection process and for a convenient handling of a
possibly large number of components are contained in the component-object as
properties. Among others, these include the numbers and names of the components’ inputs, outputs and parameters. The ease of use is enhanced by specialized methods for parsing the components’ parameters. Deviating from the original
CCM, components in CoSimMA do not implement an observer equation. Instead,
all state variables are treated as output variables and, if needed, a separate
observer component can be implemented separately which gives the flexibility to
work with different observes without the need of manipulating the component itself.

Fig. 2. Visualization of the modular concept of CoSimMA

The process of connecting a set of given components is depicted in the upper half
of Fig. 2. The CCM, symbolized as a funnel in which the components are thrown in,
sets up the combined system function according to (1) and the connection matrices in
(2) based on given interconnection information. The resulting connected component
inherits all properties and methods from the single component described above.
Therefore, it can be treated as a single component with the possibility of being
connected again with other components. The possibility of building up hierarchical
models can be seen as a direct benefit of using OOP.
After setting up a compound system in form of a connected component, different
kinds of simulation can be performed directly or several manipulations can be done to
the model equations prior to an actual simulation. The lower half of Fig. 2 shows
some of such modules implemented in CoSimMA where the interchangeability of
these modules is given at every time. Similar to the component description itself,
abstraction of complexity is the leading design consideration. Taking the process of
transient simulation as an example, it does not matter from the users’ point of view, if
either a solver from MATLAB, cf. [10, 11], or more sophisticated ones from
packages like SUNDIALS [12] are employed. The same is true for all other modules
depicted in Fig. 2, where the algorithms behind are in the main focus of our research.
Studies like those presented in [18] on the influence of several transformations and
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model formulations to the simulation efficiency can be done with reasonable
implementation effort.
The freedom of being able to manipulate the components’ equations at every
stage of processing makes it also possible to prepare connected components for being
used in other external simulation frameworks like the one described in [19]. Here the
main task consists in converting the system level description of electrical power
system components into matrix valued functions in order to describe the components’
terminal behavior on network level in the context of the so called extended nodal
approach (ENA). For details cf. [19].
4. SIMULATION EXAMPLE

Fig. 3. Demonstration of a transient simulation in CoSimMA (a) block diagram of the simulated
example system (b) related CoSimMA source code (c) graphical representation of the results

In order to demonstrate the ease of use when performing simulations with
CoSimMA, this section describes a simple but illustrative example. The system
shown in Fig. 3(a) consists of two series connected PT1-systems, each described by
the well known ordinary differential equation
dݔଵ
1
ܭ
= − ݔଵ + ݑଵ
dݐ
ܶ
ܶ

(3)

with the parameters T und K representing the normalized time constant and the static
amplification, respectively. The input of the first PT1-system is connected to a source
which delivers a constant value over the time and all initial values are assumed to be
zero.
Fig. 3(b) shows the corresponding source code to perform the desired simulation.
First, the three components from Fig. 3 (a) are instantiated form the existing library
and the parameters as well as the initial conditions are set, cf. lines 10-12. Line 15
performs the first step towards an interconnected system by combining the single
components within one single object. After setting the weighted connections in lines
18 and 19 the connected component can directly be simulated by the simulator calls
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in lines 23 and 26. Finally, the simulation results are visualized with the remaining
two lines of code in Fig. 3(b). The graphical output can be seen in Fig. 3(c). It
becomes clear, how the simulation work flow is simplified due to the abstraction
principle implemented in CoSimMA.
5. CONCLUSIONS
In this contribution the concepts behind the simulation framework CoSimMA had
been introduced. Based on the component connection modeling, subsystems can be
interconnected in a hierarchical manner. Due to the high level of abstraction it
becomes very convenient to utilize and even develop modules for different tasks in
the simulation flow. It enables efficient research on critical modules with reasonable
effort by reducing the necessary programming overhead. In order to make the usage
of CoSimMA more pleasant and efficient for the user, a graphical user interface is
planned for future work.
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ANALYSIS OF AN ANTI-SERIES MEMRISTOR CIRCUIT WITH TWO
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Abstract: The basic purpose of the present paper is to propose a detailed theoretical and computer
analysis of an anti-series memristor circuit using a modified Boundary Condition Memristor
Model (BCM) and the finite differences method for solving systems of differential equations.
The memristor circuit is investigated for sinusoidal supply voltage at different frequencies. The
influence of the initial values of the state variables of the memristors and the ratio between
them on the circuit’s behaviour is presented and discussed as well. The equivalent resistance,
the spectral structure and the basic relationships of the anti-series memristor circuit are
obtained for hard-switching and soft-switching mode.
Keywords: anti-series circuit, finite differences method, spectral analysis

1. INTRODUCTION
After the theoretical forecast of the memristor by Prof. Leon Chua [1] in 1971 and
the physical realization of the titanium-dioxide memristor prototype by Stanley
Williams from HP research labs [2] in 2008 a lot of scientific papers associated with
the memristor models and applications are published [2, 3, 4, 5]. An anti-series
memristor circuit with two memristors is analysed for impulse mode in [5] using
Simscape. The lack of detailed investigation of anti-series memristor circuits for sinewave mode and respective current spectral analysis was the basic motivating reason
for the present research. The modified linear drift memristor model proposed here is
based on the Boundary Condition Memristor Model (BCM) [3, 4], but for
simplification the modification is without sensitivity voltage threshold. The
memristor model used in the present investigation is able to be used for computer
simulation of a titanium-dioxide memristor both for soft-switching and hardswitching mode [3, 4, 5]. For simulation of circuits with two or more memristors
polarity coefficients are applied in the state differential equations [4]. For the
analyses we use an algorithm based on the finite differences method for numerical
analysis in MATLAB [6, 7, 8]. The basic purposes of our paper is to obtain the
equivalent resistance of the anti-series memristor circuit supplied by sine-wave
voltage and to realize spectral analysis of the current for different initial values of the
memristors state variables, for hard-switching and soft-switching mode.
The paper is organized as follows. In Section 2 a detailed description of the
memristor operation and of the modified linear drift switch-based memristor model is
proposed. In Section 3 the analysis of the anti-series memristor circuit with two
memristor elements is presented. The basic results – i-v relations, current spectral
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analysis and time diagrams of the electric quantities and parameters are presented and
discussed in Section 4. The concluding remarks are given in Section 5.
2. A DETAILED DESCRIPTION OF THE MEMRISTOR OPERATION AND
THE MODIFIED LINEAR IONIC DRIFT SWITCH-BASED MEMRISTOR MODEL
The modified BCM memristor model will be discussed using the titanium-dioxide
memristor structure given in Fig. 1 [2]. The left region of the TiO2 structure with a
length of w is doped with oxygen vacancies [2]. The second sub-layer is made of pure
TiO2. The length of the whole memristor structure is denoted with D [2].

Fig. 1. Titanium dioxide memristor element structure

The normalized length of the doped layer, also known as the state variable x
could be defined with the following formula [2, 3, 4]:
x=

w
D

(1)

The equivalent resistance of the memristor element could be expressed using the
assumption for series connection of the doped and the un-doped regions [2, 4]:
Req = Rdoped + Run − doped = RON x + ROFF (1 − x )

(2)

where RON and ROFF are the memristances for fully-closed and fully-open states, x = 1
or x = 0 [2]. The i-v relationship could be expressed using (2) and Ohm’s law [6]:
u M = Req i =  RON x + ROFF (1 − x )  i

(3)

The voltage drop across the doped region of the memristor uw is [2, 4, 6]:
u w = Rdoped i = RON xi = RON i

w
D

(4)

The electric field intensity in the doped layer of the memristor Ew is [6, 7]:
Ew =

uw
R
= i ON
w
D

The rate of moving the boundary between doped and un-doped layers is [7]:

(5)
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v=

dw d
dx
= ( xD ) = D
= µ Ew
dt dt
dt

where µ is the ionic drift mobility. After transformations of (6) we obtain [2, 4]:
dx µ RON
=
i = ki
dt
D2

(6)

(7)

where k is a constant dependent only on memristor parameters. When we have two
or more memristors in an electric circuit then we must modify formula (7) [3, 4, 5]:
dx µ RON
=
i = η ki
dt
D2

(8)

where η is a polarity coefficient [3, 4]. When the memristor element is forwardbiased we have η = 1. For reverse-biased memristor we have η = -1. An anti-series
circuit with two memristors supplied by a sinusoidal voltage source is given in Fig. 2.
The first memristor M1 is forward-biased and the second one M2 is reverse-biased.
The BCM model is appropriate for simulation of memristor elements both for softswitching and hard-switching mode [3, 4, 5]. For soft-switching mode the state
variable x does not reach its limiting values – 0 and 1, respectively. For hardswitching the state variable x reaches its boundary values and for a forward-biased
memristor, if the state variable x = 0, its value could be changed only if the applied
voltage becomes positive [3, 4]. If x increases and becomes equal to 1, the state
variable x could be changed only if the applied voltage is negative. For a reversebiased memristor operating in hard-switching mode, if the state variable becomes
with a value of x = 0, it could be changed if the applied voltage is negative. If the
state variable x becomes equal to 1, it could be changed if the voltage is positive [4].

Fig. 2. An anti-series connection of two memristors supplied by a voltage source

3. ANALYSIS OF THE ANTI-SERIES MEMRISTOR CIRCUIT
Using (3) and (8) we could specify the state-dependent Ohm’s Law and state
differential equations for the memristors M1 and M2:
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u M 1 = ( RON − ROFF ) x1 + ROFF  i,
u M 2 = ( RON − ROFF ) x2 + ROFF  i,

dx1
= ki
dt
dx2
= − ki
dt

67

(9)

where x1 and x2 are the state variables for the memristors M1 and M2, respectively.
After transformation of (9) we could obtain the relationship between the differentails
of x1 and x2: dx1 = - dx2. Using the Kirchhoff’s Voltage Law (KVL) for the anti-series
memristor circuit: u = uM1 + uM2 (Fig. 2), and (9) after transformation we obtain:
( RON − ROFF ) ( x1 + x2 ) + 2 ROFF  dx1 = ku ( t ) dt
− ( RON − ROFF )( x1 + x2 ) + 2 ROFF  dx2 = ku ( t ) dt

(10)

The initial values of the state variables of the memristors are x10 and x20,
respectively. Using the finite differences method [6, 8] equations (9) and (10) are
solved numerically in MATLAB environment [8]. Using (9), the initial values of
state variables x10 and x20 and KVL after transformations we could theoretically
obtain the equivalent resistance of the anti-series memristor circuit:
Req =

u
= ( RON − ROFF )( x10 + x20 ) + 2 ROFF = const
i

(11)

Since Req does not depend on the supply voltage u or the current i the memristor
anti-series circuit as a whole is linear. Let’s in the moment t = 0 the initial values of
the state variables are x10’ and x20’ and the equivalent resistance of the circuit will be
Req’. Due to the boundary effects described in Section 2 if x10’ ≠ x20’ sometimes is
possible one of the memristors to reach and retain a fully-open or fully-closed state
for arbitrary time interval. After this interval it’s possible the other memristor still to
operate in an active mode (0 < x < 1). If in this moment the source voltage changes its
direction then we provisionally could assume that a new process starts but with
different initial values of the state variables and the equivalent resistance of the
circuit according to (11) will reach a different value: Req’’ ≠ Req’. If both the
memristors start to operate in a hard-switching mode then the equivalent resistance
reaches and retains its new stable and constant value: Req = Ron + Roff. Only in the
special case when x10’ = 1- x20’ the equivalent resistance of the circuit will have a
stable and constant value of Req = Ron + Roff for general electric mode.
4. RESULTS OBTAINED BY THE COMPUTER SIMULATIONS
The anti-series circuit shown in Fig. 2 supplied by sinusoidal voltage was
analyzed for several frequencies in the range 20 Hz – 300 Hz. Here we present the
simulation results for two frequencies: f1 = 70 Hz and f2 = 140 Hz, for hard-switching
and soft-switching, respectively because the difference between the obtained graphics
is more visible. For the results shown in Fig. 3 – Fig. 8 the initial values of the state
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I-V relation of the whole circuit for f = 70 Hz
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Fig. 3. I – V relations of whole circuit, f1 = 70
Hz and f2 = 140 Hz, um = 4 V, x10 = 0, x20 = 0
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variables are arbitrary: x10 = 0, x20 = 0. The i-v curves of the whole circuit are given in
Fig. 3. The spectral structure of the current given in Fig. 4 shows us that the current
does not contain higher harmonics. The time diagrams of the state variables x1 and x2
are given in Fig. 5. It is clear that for f1 = 70 Hz the memristors operate in a hardswitching mode and for f2 = 140 Hz they operate in a soft-switching mode. The time
diagrams of the source voltage, current and equivalent resistance of the circuit are
shown in Fig. 6. It could be concluded that for f2 = 140 Hz after a time interval with a
duration of 9 ms the equivalent resistance of the anti-series circuit acquires a constant
nad stable value of Req = 26.55 kΩ, and the current also acquires a sinusoidal form.
For f1 = 70 Hz the equivalent resistance of the circuit changes its constant value 5
times. It acquires its stable, constant and minimal value of Req = 16100 Ω after a time
interval with a duration of 24 ms. The phenomenon of changing the equivalent
resistance of the anti-series memristor circuit when the memristors operate in hardswitching mode confirms the conclusions made in Section 3 by physical
considerations. The results obtained for different initial values of the state variables
(x10 = 0.35, x20 = 0.65, x10+ x20=1) are shown in Fig. 7 – Fig. 8. For f1 = 70 Hz the
memristors M1 and M2 operate in a hard-switching mode (Fig. 7) but the equivalent
resistance of the memristor circuit is with a constant value of 16100 Ω in the whole
time of the simulation and no resistance change exists (Fig. 8). For f2 = 140 Hz the
memristors operate in a soft-switching mode and the circuit has the same constant
resistance with a value of 16100 Ω. The simulation results once again completely
confirm the theoretical conclusions obtained by physical considerations in Section 3.
-4

4

Spectral analysis of the current for f = 70 Hz
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Fig. 4. Spectral structure of the current in the
circuit for f1 = 70 Hz and f2 = 140 Hz, um = 4 V
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Time diagram of x1 and x2 for f = 70 Hz
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Fig. 7. Time diagrams of state variables x1 , x2
for f1 = 70 Hz, f2 = 140 Hz, x10=0.35, x20=0.65
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5. CONCLUSIONS
In the end it could be concluded that the problems associated with the basic
purposes presented in the beginning of the paper are completely solved. The
expression of the equivalent resistance of the anti-series memristor circuit is
analytically obtained – Req is with a constant value and does not depend on voltage or
current. Due to this effect the anti-series connection of two nonlinear memristors is
always linear. The eventual violations of this effect due to the boundary effects for
hard-switching are explained in details using physical considerations. In the special
case when x10 = 1- x20 the circuit is linear for general mode. The computer
simulations realized in MATLAB completely confirm the theoretical conclusions for
the equivalent resistance. The spectral analysis of the current flowing through the
anti-series memristor circuit also confirms its linearity.
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TRANSIENT AND STEADY STATE ANALYSIS OF ELECTRICAL CIRCUITS
SUPPLIED BY SEQUENCE OF CLIPPED SAWTOOTH IMPULSES
Zhivko Georgiev, Ivan Trushev
Department of Theoretical Electrical Engineering, Faculty of Automatics
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Abstract. Transient and steady state process in series RC – circuits when the supplied voltage is a
sequence of clipped saw-tooth pulses is analyzed in this article. An analytical formula for the
voltage of the capacitor is derived in any period of the supplied voltage. The analysis is
performed using recurrent equations. The approach applied could also be used in other circuits
and other shapes of the supplied voltage.
Keywords: transient, sequence of clipped saw-tooth pulses, recurrent equation

1. INTRODUCTION
This article reveals an approach for analyses of transient and steady state process
[1], [4] when the supplied voltage is a sequence of clipped saw-tooth pulses. This
approach is based on the use of recurrent equations [3]. The demanded variables are
described by analytical formulas valid both for steady state and for the transient.
A series RC-circuit shown in fig.1 is considered.

S

i

R

e(t)

C

Fig. 1. Analyzed Electrical circuit

Electromotive voltage e(t) is a sequence of periodic clipped saw-tooth pulses with
amplitude E, length of the pulse ti and repetition period T. The waveform of the
voltage is shown on fig. 2.
e(t)

T
ti

E

0

T

2T

t

Fig. 2. Sequence of periodic clipped saw-tooth pulses
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The first pulse e1(t) analytically can be expressed as follows
 r (t ) = Kt , 0 ≤ t ≤ ti
,
e1 (t ) = 
0,
t
≤
t
≤
T
i


(1)

where r(t) is a ramp function and K is the slope of this function.
The capacitor voltage uC(t) in any moment of time is the problem to find.
To solve this problem it is necessary to know the particular solution (stationary
solution) of the non-homogeneous circuit equation when the source is represented by
the ramp function r (t ) = Kt . Below it is briefly described the obtaining of this
solution. The circuit equation in the case is as follows [5], [6].
RC

d uC
+ uC = Kt , t ≥ 0
dt

(2)

Since the function of the right side of equation (2) is a polynomial of the first
order, we will seek the particular solution to this equation also as a polynomial of the
first order, i.e.
uCst (t ) = a0 + a1t ,
(3)
where a0 and a1 are unknown. After substituting (3) in (2) and simple transformation
the following expression is obtained
RCa1 + a0 = ( K − a1 )t.

(4)

The left side of (4) is constant, and the right is a function of time. From the other
side this equation is valid for all values of time (it is independent of time). This is
possible only when the following dependences are performed
RCa1 + a0 = 0,

K − a1 = 0.

(5)

From (5) it is obtained that a0 = –RCK and a1 = K. Then the particular solution is
obtained, i.e.
uCst (t ) = − RCK + Kt .
(6)
A simple check shows that the expression (6) satisfies the differential equation
(2). This expression will be used in the analysis below.

2. BASIC DEPENDENCES AND DIFFERENTIAL EQUATIONS
An arbitrary period with a number of n of the generated voltage source shown in
fig. 3 is considered.
A new time t ′ is introduced, that is measured from the beginning of the period
with the number of n. The following expressions can be written
t = ( n − 1)T + t ′ , t ′ = t − ( n − 1)t ,

Later the following discrete symbols will be used
uC (0) = uC [0] = 0 (initial condition)

(7)
(8a)
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uC ( (n − 1)T ) = uC [n − 1]

(8b)

uC ( nT ) = uC [ n]

(8c)

e(t),
uC(t)
E
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n-th period
uC[n-1]

uC2

uC1

uC[n]

(n-1)T
0'

0

nT
t'

t

ti
Fig. 3. The period with the number of n

The capacitor voltage during the length of the period with the number of n is
denoted by uC1 and the same voltage during the pause between the pulses in the same
period is denoted by uC2 (fig. 3). The following differential equations are valid for uC1
and uC2
du
RC C1 + uC1 = E , 0 ≤ t ′ ≤ ti
(9)
d t′
RC

d uC 2
+ uC 2 = 0 , ti ≤ t ′ ≤ T
d t′

(10)

Taking into account the equation (6) the solutions for the differential equations (9)
and (10) are obtained [2]
−α t ′
uC1 (t′) = − RCK + Kt ′ + Ane , 0 ≤ t′ ≤ ti
uC (t′) = 
,
−α ( t ′−ti )
′
′
,
ti ≤ t ≤ T
uC 2 (t ) = Bne

(11)

where α = 1 RC and An and Bn are constants which depend on the number of the
period of the supplied voltage. These constants can be expressed by the discrete
values of the voltage of the capacitor uC in the beginning and at the end of the period
with the number of n. The following expressions are valid
uC1 (0) = uC ( (n − 1)T ) = uC [n − 1] ,

(12a)

uC 2 (T ) = uC (nT ) = uC [ n] .

(12b)

Using (11), (12a) and (12b), it can be written
uC1 (0) = − RCK + An = uC [ n − 1] ,

(13a)

uC 2 (T ) = Bn e−α (T −ti ) = uC [n] .

(13b)

From (13a) and (13b), the constants An and Bn are expressed
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An = uC [ n − 1] + RCK ,

(14a)

Bn = uC [n]eα (T −ti ) .

(14b)

The equations (14a) and (14b) are substituted in (11) to obtain
uC1 (t ′) = − RCK + Kt ′ + (uC [ n − 1] + RCK ) e −α t′ ,
uC 2 (t ′) = uC [ n] eα T e −α t′ ,

0 ≤ t ′ ≤ ti ,

ti ≤ t ′ ≤ T .

(15a)
(15b)

The further aim is to obtain the discrete values uC[n-1] and uC[n].
The capacitor voltage is a continuous function of time and therefore is fulfilled
uC 1 (ti ) = uC 2 (ti ) .

(16)

Using (15a), (15b) and (16), it is obtained
− RCK + Kti + (uC [n − 1] + RCK )e−α ti = uC [n]eαT e−α ti .

(17)

After simple transformation of (17) it can be written

uC [n] − e−αT uC [n − 1] = e−αT [ RCK + ( Kti − RCK )eα ti ] .

(18)

The obtained dependence is a recurrent equation with respect to the discrete
values uC[n], n = 1, 2, 3, … Further the discrete values uC[n-1] and uC[n] of the
equation will be obtained and after that using formulas (11a) and (11b) the voltage of
the capacitor will be expressed.

3. SOLUTION OF THE RECURRENT EQUATION
To simplify the expression (18) the symbols of the constants independent from the
number of period are introduced

a = e−αT , q = e −αT [ RCK + ( Kti − RCK )eα ti ] .

(19)

After substitution of (19) in (18) the following equation is obtained
uC [ n] − auC [ n − 1] = q .

(20)

The equation (20) is a linear non-homogeneous recurrent equation of the first
order with constant coefficients [3]. It can be solved together with the initial
condition (8a). Finding the solution of the recurrent equation of the type (20) is
described in details in the article [2]. Using these results it can be said that the
solution of equation (20) is
q
uC [n] = Me−α nT +
,
(21)
1− a
where M is a constant, which can be found from the initial conditions.
From the initial condition (8a) follows
q
q
uC [0] = M +
=0, M =−
.
1− a
1− a

(22)
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Then the discrete values uC[n] are obtained
e
q
−α nT
uC [n] =
1
−
e
=
(
)
1− a

−α T

 RCK + ( Kti − RCK ) eα ti 
1 − e−α nT ) .
(
−α T
1− e

(23)

4. OBTAINING THE SOLUTION FOR THE CAPACITOR VOLTAGE
The expression (23) is substituted in formulas (15a) and (15b) which leads to the
following expressions for the capacitor voltage

[

](

 e −α T RCK + ( Kt i − RCK )eα ti
 −α t′
−α ( n −1)T
uC1 (t ′) = − RCK + Kt ′ + 
1
−
e
+
RCK
e ,
−α T
1
−
е



uC 2 (t ′) =

)

0 ≤ t ′ ≤ ti

[

(24a)

](

e −α T RCK + ( Kt i − RCK )eα ti
1 − e −α n T eα T e −α t′ ,
−α T
1− e

)

ti ≤ t ′ ≤ T . (24b)

Simple transformations of the last expressions are done. Furthermore, in order to
underline that the formulas are valid for a period with a number of n the following
indications are introduced: u C1 (t ′) = u C1 (t ′, n) and u C 2 (t ′) = u C 2 (t ′, n) . In this case,
finally the following solution can be written:
1) For an arbitrary period with a number of n, n = 1, 2 , 3 ,L and 0 ≤ t ′ ≤ ti

[

](

 RC + (t i − RC )eα ti
 −α t′
−α ( n −1)T
uC1 (t ′, n) = K (t ′ − RC ) + K 
1
−
e
+
RC
e ; (25a)
αT
e
−
1



)

2) For an arbitrary period with a number of n, n = 1, 2 , 3 ,L and ti ≤ t ′ ≤ T
uC 2

[RC + (t
(t ′, n) = K

](

− RC )eα ti
1 − e −α n T e −α t′ .
−α T
1− e
i

)

(25b)

The stationary (steady-state) solution is obtained when the number of the period
becomes infinitely large. In this case n → ∞ , e −α nT → 0 and from the formulas (25a)
and (25b) the final solution is obtained

[

]

 RC + (t i − RC )eα ti
 −α t′
uC1, st (t ′) = uC1 (t ′, ∞) = K (t ′ − RC ) + K 
+
RC
e ,
αT
e
−
1


(26a)
0 ≤ t ′ ≤ ti ,
uC 2 , st (t ′) = uC 2

[RC + (t
(t ′, ∞) = K

]

− RC )eα ti −α t′
e ,
1 − e −α T
i

ti ≤ t ′ ≤ T .

(26b)

Example: The parameters of the elements in scheme from fig.1 are: E = 200 mV,
T = 10 ms, ti = 7 ms, R = 2 kΩ, C = 13µF. The aim is to analyze the scheme by

76

15.09.16 – 16.09.16, Sofia, Bulgaria

PSPICE and to show the waveform of the capacitor voltage uC(t). The task is to
calculate the value of capacitor voltage by PSPICE and by obtaining analytical
formulas for moment t = 45 ms and to compare the results.
Solution: The waveform of the capacitor voltage uC(t) obtained by PSPICE is
shown in fig. 4. Calculated value of the capacitor voltage uC(t) by PSPICE for
t = 45 ms is uC(45 ms) = 58.207 mV.
For this case the following data are valid:
t = 45 ms = 0.045 s , n = 5 , t ′ = 5 ms = 0.005 s , T = 10 ms = 0.01 s , t i = 7 ms = 0.007 s
K = 200 7 .
Аpplying analytical formulas the following values are calculated:
RC = 26.10 −3 = 0.026 , α = 1 RC = 1 (2.10 3.13.10 −6 ) = 38.46153846,
α t ′ = 0.192307692 , α t i = 0.269230769 , α T = 0.3846153846 , α 4 T = 1.538461536 ,
(t ′ − RC ) = (0.005 − 0.026) = −0.021 , (t i − RC ) = (0.007 − 0.026) = −0.019 .
Then using the equation (25a) the following value for uC1 is obtained:

uC1 (0.005, 5) = −0.6 +
200  0.026 − 0.019e
+

7 
e0.3846153846 − 1


0.269230769


 1 − e −1.538461536 + 0.026  e −0.192307692 = 0.5749V



(

)

Fig. 4. The waveform of the capacitor voltage uC(t) obtained by PSPICE

It can be seen that there is a very good coincidence between the results obtained
by PSPICE and those obtained by the analytical formula.
5. CONCLUSIONS
The article analyzes transients and steady-state process in series RC-circuits when
the supplied voltage is a sequence of clipped saw-tooth pulses. An analytical formula
for the voltage on the capacitor is derived in any period of the supplied voltage. The
analysis is performed using recurrent equations. The approach applied may also be
used in other circuits and other forms of the supplied quantity.
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ELECTRONIC CONVERTER WITH TACTILE SENSOR
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Abstract: Аn opportunity for the application of tactile sensors with conductive elastomers (TSCE) is
presented in this article. The single-transistor sinusoidal generator type Z is presented. Its
resonant frequency is determined from the loop of the connected in series inductor L, capacitor
C and the transistor output impedance. The resonant frequency depends on the values of the
resistance R2 in the base circuit and the capacitor C in the feedback. As a result of that both the
base current and the output impedance Zce of the transistor are changed. The electronic scheme
under consideration gives the opportunity for obtaining sinusoidal oscillations in large limits
applying the TSCE to change both the resonant frequency and/or the feedback depth. In this
way the non-electrical quantity (static force) is transformed into electrical one (AC voltage).
Thus it is not necessary to use variable inductors and capacitors in the generator selective
circuit.
Keywords: tactile sensors, conductive elastomers, sinusoidal generator

1. INTRODUCTION
The generators are analog electronic schemes in which, without any external
influence, the electric energy of DC source is transformed into energy of undamped
electrical oscillations through compensation of the losses in LC resonant circuit with
an amplifier [1]. The variety of schemes of generators is extremely large and may be
qualified as follows: according to the shape of the generated oscillations (harmonic or
pulsed); according to the type and number of active elements used in the amplifying
stage (with transistors or operational amplifiers; single-step or multi-step); according
to the type of elements in the selective circuit (LC, RC and crystal generators) [4].

Fig. 1. Generator block scheme
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The basic block scheme of the generator (Fig. 1) contains: an amplifier with
voltage gain A > 1, which is used to compensate energy losses in the selective circuit;
DC power source and feedback with transmission coefficient β ≤ 1 which is used to
supply fluctuations with a certain frequency from the selective circuit back to the
input of the amplifier.
A single-step LC generator has been examined in this article.
2. THEORY
The most commonly used generators are the LC-ones [5]. When they are
constructed with bipolar transistors, their input and output resistances are
significantly less than that of the field-effect transistors (FET). Therefore, their
matching in the oscillating system based on a parallel oscillating circuit is not always
possible. Then the use of connected in series oscillating circuits is needed, thus
making the circuit T-shaped. The generalized AC voltage stage of such generator is
shown in Fig. 2.
Ib
1

Ic

1

>
Ub

2 2`

Ie

Z1

Z2

Uc

Z3

U

3

3

Fig. 2. AC Z- generator scheme

The resonant frequency is determined by connected in series Z2 and Z3 that should
have capacitive and inductive character. The feedback takes place with the help of Z1.
Main drawback of the LC generators is the need for variable coil or capacitor in order
to make these generators adjustable.
+E
For the investigation a basic electronic circuit
of single-transistor sinusoidal generator is offered
R2
R1
(Fig. 3). The resonant frequency is controlled
VT
with a variable resistor R2 in the basic circuit. The
examined scheme provides the opportunity to
C
Z ce
produce relatively wide range sinusoidal oscillaUce
C1
tions [3].
DC mode is defined by the resistors R1 and R2.
L
The capacitor C1 provides feedback.
Fig. 3. Sinusoidal generator with
adjustable frequency
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One can see from Fig. 2 and Fig. 3 that:
Z1 =

1
,
jω C1

Z2 =

1
,
jω C

Z 3 = jω L .

The equivalent scheme of the frequency controlled circuit is given in Fig. 4. The
transistor VT is presented by its T-type
equivalent scheme with a common emitter
and a small input signal. The collector
junction is presented by Cc and rc*
*
connected in parallel. Its capacity and
resistance is determined by Cc and rc*
respectively. The emitter junction is presented by its resistance re.
Fig. 4. Sinusoidal generator with
adjustable frequency

The collector junction resistance can be calculated with the transistor’s hparameters, which are widely used parameters in catalogues:
rc∗ =

1
.
h22

(1)

The equivalent complex resistance of the serial oscillation circuit, controlling the
resonant frequency according to Fig. 2 is calculated from the equation:
Z = jω L +

1
jω C

+ Zab + re .

(2)

The impedance Zab from Fig. 4 and (1) is:
Z ab =

h22
ωC
.
− j
2 2
h22 + ω C
h22 + ω 2C 2

(3)

Using (2) and (3) we can obtain:
Z = j

ω 2 LC − 1
h22
ωC
+
− j
+ re .
2 2
h22 + ω C
h22 + ω 2C 2
ωC

(4)

The resonant frequency is determined according to the known condition:
X =

ω 2 LC − 1
ωC
−
= 0.
h22 + ω 2C 2
ωC

(5)

After some transformations (5) is converted into:
ω 4 LCCc2 + ω 2 ( LCh222 − Cc2 − CCc ) − h222 = 0 .

(6)

The members ω4LCCc2 and ω2Cc2 are negligible, they can be ignored, so the
resonant frequency is obtained as follows:
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f0 =

ω0
1
=
2π
2π

1
CC
LC − 2 C
h22

.
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(7)

3. EXPERIMENTS
The main generator circuit has been examined (Fig. 3) for the values of the
resistor in the base R2 = 20 ÷ 200 kΩ. The diagram in Fig. 5 presents the influence of
R2 on the resonant frequency that can be changed in relatively wide range from 3,5 to
8 kHz.
f, kHz
9
8
7
6
5
4
3
2
1
0
0

20

40

60

80 100 120 140 160 180 200 220

R2, kΩ

Fig. 5. Influence of R2 on the generator
frequency

Fig. 6. Waveform of the received signal

The presented scheme uses small base and collector currents from 150µA to
20mA, while the output voltage is 0,3 ÷ 10V. If necessary there is no problem in
practice to amplify the power of this signal. The main advantage of the examined
generator is that the voltage supply can be changed in the range 1,5 ÷ 15V.

Fig. 7. Sinusoidal generator with TSCE
in the base circuit

Fig. 8. Sinusoidal generator with TSCE
in the feedback
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A possible realization of this generator is if a tactile sensor is connected in series
to the potentiometer R2 (Fig. 7). This sensor can be built on the basis of conductive
elastomer (Fig. 9) – 1 and 3 are brass electrodes, 2 – conductive rubber. The TSCE
electrical scheme is shown in Fig. 10. The resistor Rr represents the volume resistance
and the contact resistance of the sensor. The capacity obtained from composition
structure is represented with Cr [6].
F

1

1

a
2

h

Rr

Cr

3

b

1'

Fig. 9. TSCE structural scheme

Fig. 10. TSCE electrical circuit

When applying static force perpendicular to the sensor, the electrically conductive
rubber deforms and changes its resistance [1]. This leads to a change in the resonant
frequency of the generator (Fig. 11).
f, kHz

20kΩ

40kΩ

60kΩ

80kΩ

100kΩ

8

S=0,4 kHz/N

7.5
7
6.5

S=0,3 kHz/N

6
5.5

S=0,26 kHz/N

5

S=0,21 kHz/N

4.5

S=0,16 kHz/N

4
0

2

4

F, N

6

8

10

Fig. 11. Influence of the force F to the generator
frequency for different values of R2

Fig. 12. Waveform of the resulting signal

The resulting characteristics are non-linear and the biggest frequency change is
examined at the beginning of the range up to F=3 N, where the sensitivity to the applied
force is the biggest. The sensitivity S decreases with the increase of resistance R2.
For the next experiments TSCE is connected in a circuit of the positive feedback
in series with C1 (Fig. 8). The changes in the frequency and magnitude of the output
voltage upon application of the external force F, for different values of R2, are shown
in Fig. 13 and Fig. 14. When the applied force increases, the control of the resonant
frequency tends to decrease, while the output voltage increases.
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80kΩ
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40kΩ
100kΩ
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U,V
1,9

8

1,7

7

20kΩ
80kΩ

1,5

40kΩ
100kΩ

60kΩ

6
1,3

5
1,1

4
3

0,9

0

2

4

F,N6

8

10

Fig. 13. Influence of the force F on the
generator frequency for different values of R2

0

2

4

6

F,N

8

10

Fig. 14. Waveform of the resulting signal

The achieved sensitivity with respect to the frequency and magnitude of the
output voltage is presented in Table 1.
R2, kΩ
Sf, kHz/N
SU, V/N

20
0,207
0,131

40
0,327
0,116

60
0,350
0,078

80
0,373
0,066

Table 1
100
0,390
0,064

4. CONCLUSION
The investigated generator scheme allows obtaining the sinusoidal oscillations in
a relatively wide range by changing the parameters of the elements in the base circuit
or in the feedback. In this way the need to include sophisticated for manufacturing
and expensive variable inductors or capacitors are eliminated. The used TSCE has a
simple structure and an easy implementation. They can be made from cheap and
accessible materials.
Connecting the TSCE in the base circuit and the application of external force
perpendicular to the sensor allows the increase of the resonant frequency with
sensitivity responding to the applied force up to Sf = 0,4 kHz/N.
If TSCE is included to a feedback, then the applying compressive force on the
sensor the frequency decreases and the output voltage increases.
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INDEPENDENT CALCULATION OF THE SEPARATE GROUNDING
RESISTANCES IN A SYSTEM WITH THREE EARTH POINTS USING
CONTACTLESS CLAMP-ON METHOD
George Milushev, Ph.D., Assoc. Prof.
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1000 Sofia, Bulgaria, phone: + 359 89 3690569, e-mail: gm@tu-sofia.bg
Abstract: The paper focuses on the application of the clamp-on method for contactless measurement of resistance in the critical case of a system with three earth points. The method of
sequenced calculation of the separate ground resistances is further developed. The result is an
independent calculation of each separate earth resistance based on the results from direct
clamp-on measurements. The method and it’s practical application have been proven.
Keywords: Clamp-on method, Contactless resistance measurement, Grounding, Earth Resistance,
Lightening protection, Electrical safety, Electrical Inspection

1. INTRODUCTION
The Clamp-on method for measurement of the resistance of separate earth
electrodes in multiple earthing systems is widely spread in the inspection practice of
electrical installations because it is quick and easy. There is a necessity for increasing
the productivity of the electrical inspections, keeping the workability of the
installation. It stimulate the development of the contactless earth resistance
measurements. The tools for clamp-on applications have become more and more
complex, user friendly and popular.
Many national regulations harmonised with the European Directive HD 60364 [1]
recommend the application of the clamp-on methods. In HD 60364 these methods
are mentioned and discussed specially in terms of electrical safety and lightening
protections in meshed grounding systems ([1] Method B3).
The method itself sets a prerequisite for a methodical error, which in case of
inspections and control of the installations lead to a risk of a false increasing the
separate resistance and false overpassing the control limits.
The presented paper treats exactly the case on the limit of the clamp-on
applications, where the earthing system has three separate earth electrodes only. Such
a case is very popular especially in single home and small building installations and
lightening protections.
2. PROBLEM DESCRIPTION
The Clamp-on method [2] (Fig. 1) is based on the principle of inductive
generation of an AC voltage E with constant value, inducing it in a measurement
electrical contour via “generator” clamp and measuring the current I it with
“measurement” clamp. Than the unknown resistance Rx is calculated. The principle is
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the same, and it doesn’t matter if the generation and measurement clamp are
separated or in one body (sometimes
(sometimes e.g. the pylon earth measurements, the
measurement clamps could be more than one). Details about the measurement
principles and tools are explained in [2, 3].

Fig. 1. Principle of the clamp-on
clamp on method. Testing without disconnecting the earth electrode
(Source Chauvin-Arnoux [2])

In any case, the measured value of the resistance includes both: the requested
resistance Rx increased with sequenced resistance Rz, which is a complex combination
of all other earth system resistances to the ground, connected in parallel.
The report [3]] explains the obtained methodical error, which is remarkably
dominant in the case of only three earth points in the system. The following formulae
[3] ware obtained:
RЕ1 =

R1
,Ω
ab
+1
a+b

(1)

a=

R1R3 − R1R2 − R2 R3
R2 R3 − R1 R2 − R1 R3

(2)

b=

R1R2 − R2 R3 − R1 R3
R2 R3 − R1 R2 − R1 R3

(3)

RЕ 2 = aRE1 , Ω

(4)

RЕ 3 = bRE1 , Ω

(5)

Where:
• R1, R2 and R3 are the direct measured resistances with clamp-on
clamp
instrument;
• RE1, RE2 and RE3 are the calculated values of the requested resistances of the
earth electrodes, avoiding the methodical error;
• a and b are dimensionless multipliers.
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The obtained expressions are useful, and have a practical application [3] but
sometimes, especially in the case of automated calculations the algorithm design
process requires separate (not sequenced) calculation of the separate resistances RE1,
RE2 and RE3.
This paper gives such a solution.
3. SOLUTION
Some transformations are necessary to obtain an appropriate form for
transformation of the equation (1):
ab =
=

( R1 R3 − R1 R2 − R2 R3 )( R1R2 − R2 R3 − R1 R3 )
( R2 R3 − R1 R2 − R1 R3 ) 2
2 R1R2 .R1 R3 − ( R1R2 ) 2 + ( R2 R3 ) 2 − ( R1 R3 ) 2
=
( R1 R2 − R2 R3 + R1R3 ) 2

=−

a+b =

(6)

( R1 R2 − R1R3 ) 2 − ( R2 R3 ) 2
( R1R2 − R2 R3 + R1 R3 ) 2

( R1 R3 − R1 R2 − R2 R3 ) + ( R1R2 − R2 R3 − R1R3 )
R2 R3 − R1R2 − R1R3

=

( R1 R2 + R2 R3 − R1 R3 ) + ( R1R3 + R2 R3 − R1R2 )
=
R1 R2 − R2 R3 + R1R3

=

2 R2 R3
R1R2 − R2 R3 + R1R3
( R1 R2 − R1 R3 ) 2 − ( R2 R3 ) 2
ab
=−
a+b
2 R2 R3 ( R1 R2 − R2 R3 + R1 R3 )

(7)

(8)

From (6), (7) and (8) the form of the divider in (1) is as follows:
1+
=

2 R R ( R R − R2 R3 + R1 R3 ) − ( R1 R2 − R1R3 ) 2 + ( R2 R3 ) 2
ab
= 2 3 1 2
=
a+b
2 R2 R3 ( R1 R2 − R2 R3 + R1 R3 )

2 R1R2 .R2 R3 − 2( R2 R3 ) 2 + 2 R1R3 .R2 R3 + 2 R1R2 .R1 R3 − ( R1 R2 ) 2 − ( R1 R3 ) 2 + ( R2 R3 ) 2
= (9)
2 R2 R3 ( R1 R2 − R2 R3 + R1 R3 )
2( R1 R2 R3 + R1 R2 R3 + R1R2 R3 ) − ( R1R2 ) 2 − ( R1 R3 ) 2 − ( R2 R3 ) 2
=
2 R2 R3 ( R1 R2 − R2 R3 + R1 R3 )
2

2

2

Consequently the required resistance is:
RЕ1 =

R1
2 R1R2 R3 ( R1R2 − R2 R3 + R1R3 )
=
2
2
2
2
2
2 , Ω (10)
ab
+ 1 2( R1 R2 R3 + R1 R2 R3 + R1 R2 R3 ) − ( R1R2 ) − ( R1R3 ) − ( R2 R3 )
a+b
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As a result, taking into account (2), (3), (4), (5) and (10) the normalised form for
the three independently calculated resistances is:
RЕ1 =

RЕ 2 =

RЕ 3 =

( R1R2 + R1R3 − R2 R3 )
,Ω
1  R1 R2 R2 R3 R1 R3 

( R1 + R2 + R3 ) − 
+
+
2  R3
R1
R2 
( R1 R2 + R2 R3 − R1 R3 )
,Ω
1  R1 R2 R2 R3 R1 R3 

( R1 + R2 + R3 ) − 
+
+
2  R3
R1
R2 
( R1 R3 + R2 R3 − R1 R2 )
,Ω
1  R1 R2 R2 R3 R1 R3 

( R1 + R2 + R3 ) − 
+
+
2  R3
R1
R2 

(11)

(12)

(13)

4. VERIFICATION
A quick and reliable verification, based on a substitution with known resistances,
can be done. For example, let’s calculate a system with 3 real resistances of 1 Ω each:
RE1 = RE2 = RE3 = 1 Ω. Than the methodical error of each measurement will be 50%
from the real value with absolute value of 0,5 Ω: R1 = R2 = R3 = 1,5 Ω. Replacing in
the expressions (11), (12) and (13) the values for R1, R2 and R3 we are obtaining the
calculated result of 1 Ω.
5. CONCLUSION
The applicability and workability of the method can be defend with the same
practical example as in [3]. The obtained results are similar and the accuracy depends
only on the calculations rounding. The main advantage here is the independency of
the calculations of the each earth electrode, without using the value of another precalculated one. This gives the opportunity to implement a simple algorithm in the
instrument designated to the critical case of three electrodes system. Such
recommendation can be useful for instrument producers for the future.
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Abstract. The basics related to the structure and operation of a buck DC/DC converter in this paper
are reviewed. The operation of the converter could be conditionally divided into two working
phases, depending on which of the two switches is open and which is closed. The transient
developed in each of the working phases is obtained analytically. The simulations of the
DC/DC converter in PSpice environment are made. The simulation and analytical results are
compared and relevant conclusions are drawn.
Keywords: time varying systems, switched buck DC/DC converter, transient

1. INTRODUCTION
The switched DC/DC converters are time varying systems because of their
specific switchable action. They are nonlinear systems with unstable parameters and
inevitable perturbations during their operation [1].
The processes developed in an electrical circuit, as is the converter during the
transition of one to another steady or compulsively state are called transient. The
origin of these processes is determined by the changes in the structure of the circuit.
These changes are implemented instantly by an appropriate switch or commutation.
The commutation is performed most often by electronic switches [2], [3].
The complexity of the analysis of transient depends on the structure of the circuit
and the type of composing elements (capacitors, coils and so on). Evaluation of the
complexity could use the notion “order of the circuit” that matches the lines of the
system differential equations. There are circuits of first, second and higher-order [2].
The circuits of the second order, as is buck DC/DC converter contain two
conservative elements [4]. The other elements - resistors and independent sources
form an active two-port element of resistive type.
2. ANALYTICAL RESEARCH OF THE TRANSIENT EVOLVING IN EACH
OF THE PHASES OF THE SWITCHED BUCK DC/DC CONVERTER
Buck DC/DC converter is composed of two electronic switches, switching
antiphase (fig. 1). Furthermore, in the circuit of the converter has a coil, included in
series with a capacitor and a load connected in parallel. The operation of the
converter can be conditionally divided into two phases, depending on which of the
switches is open and which is closed. It starts an exact transient in each of the phases.
The two working phases of the switched buck DC/DC converter are considered
separately and the transient in each one of them is analytically analyzed below.
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During the first phase when the switch K1 is closed and K2 is open, the circuit is
connected to the DC voltage source E (fig.1).
Independent initial conditions - the values of current through the coil and voltage
of the capacitor at the time just before and after switching are zero.
iL ( 0 − ) = iL ( 0 + ) = 0, uC ( 0 − ) = uC ( 0 + ) = 0 .
L

К1

+

К2

E

iL

C

L

R u0

−

L

iR
iC

E

iR
iC

R u0

C

E

К1 is CLOSED and К 2 is OPEN

iL

C

R u0

К1 is OPEN and К 2 is CLOSED

Fig. 1. Buck DC/DC converter and its equivalent schemes of the two working phases

The following system equations using first (for the first equation) and second (for
the second and third equations) Kirchhoff’s laws is composed

iL − C

duC
− iR = 0
dt

diL
+ uC = E
dt
uC − RiR = 0
L

.

Characteristic equation of the system is found if differentiation on t is
(substituted) replaced by multiplication by k. Determinant composed of free terms in
front of the symbolic unknown is equalized to zero
1

−Ck

Lk

1

0

1

−1
0 = 0.
−R

The following quadratic equation is obtained
LRCk 2 + Lk + R = 0

k2 +

:

1
,
LRC

1
1
k+
= 0.
RC
LC
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The roots of the equation are
2

1
 1 
 1 
−
±
−
4




RC
−b ± b 2 − 4ac
 RC 
 LC 
k1,2 =
=
2a
2

(1)

For the following values of the elements: R = 1 kΩ, L = 10 µH and C = 50 µF, the
following values for the roots of the characteristic equation are obtained
2





1
1
1




− 3
±
−
4
 10350 (10−6 ) 
 10 (10−6 ) 50 (10−6 ) 
10 50 (10−6 )




k1,2 =
=
2
=

−20 ± 202 − 8 (109 )
2

=

−20 ± 400 − 8 (109 )
2

≈

−20 ± j89442
.
2

In this case the discriminant of the characteristic equation is negative and the
roots obtained are complex conjugated [2], [3].
k1 = −10 + j 44721, k2 = −10 − j 44721 .

The free components of the capacitance voltage and the inductive current, as
mentioned above, are the following
uCсв. ( t ) = ( A1 cos 44721t + A2 sin 44721t ) e −10 t V ,
iLсв . ( t ) = ( B1 cos 44721t + B2 sin 44721t ) e −10 t A .

Steady-state components of capacitance voltage and inductive current are
uCст = Е = 3.7 V
iLст =

Е
3.7
=
= 3.7(10−3 ) A = 3.7 mA .
R 1000

Total solutions for the capacitance voltage and inductive current are amount of
their free and steady-state components

uC ( t ) = ( A1 cos 44721t + A2 sin 44721t ) e−10t + 3.7 V

(2)

iL ( t ) = ( B1 cos 44721t + B2 sin 44721t ) e−10t + 0.0037 A

(3)

For the calculation of the integration constants it is necessary to find a dependent
initial condition as well.
The initial condition

duC
dt

is obtained from the expression
t = 0+
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iL − C

iR ( 0 + ) =
duC
dt

=
0+

duC
− iR = 0
dt

uC ( 0 + ) 0
= =0
R
10

iL ( 0 + ) − iR ( 0 + )
0−0
=
=0.
C
50 *10−6

Differentiation of the equation (2) leads to
duC
= ( −44721A1 sin 44721t + 44721A2 cos 44721t ) e −10 t −
dt
− 10 ( A1 cos 44721t + A2 sin 44721t ) e −10 t .
After placing the instant t = 0+ and calculating the integration constants A1 и A2
0 = A1 + 3.7

⇒

A1 = −3.7

0 = 44721A2 − 10 A1
A2 =

10 A1
37
=−
≈ −0.000827 ,
44721
44721

the expression for the capacitive voltage is obtained

uC ( t ) = ( −3.7cos44721t − 0.000827sin 44721t ) e−10t + 3.7 V .
The initial condition

diL
dt

is obtained from the expression
t =0+

diL
+ uC = E
dt
E − uC ( 0 + )
3.7
=
=
= 370000 A .
s
L
10 *10−6
L

diL
dt

0+

Differentiation of the equation (3) leads to
diL
= ( −44721B1 sin 44721t + 44721B2 cos 44721t ) e −10t −
dt
− 10 ( B1 cos 44721t + B2 sin 44721t ) e −10t .

After placing the instant t = 0+ and calculating the integration constants B1 и B2
0 = B1 + 0.0037

⇒

B1 = −0.0037

370000 = 44721B2 − 10 B1
B2 =

370000 + 10 B1 369999.963
=
≈ 8.2735 ,
44721
44721
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the expression for the inductive current is obtained

iL ( t ) = ( −0.0037cos 44721t + 8.2735sin 44721t ) e−10t + 0.0037 A .
In the second phase when the switch K2 closes and K1 opens, the end of the coil,
which in the first phase is connected to the power source, now connects to the ground
and a new transient starts (fig.1). Independent initial conditions, for this phase are the
steady-state (final) values for the previous time interval
iL ( 0 − ) = iL ( 0 + ) = 0.0037 A, uC ( 0 − ) = uC ( 0 + ) = 3.7V .
The differential equations system is almost the same as in the first phase

iL − C

duC
− iR = 0
dt

diL
+ uC = 0
dt
uC − RiR = 0
L

.

The expressions for the common solutions of capacitance voltage and inductive
current are obtained in a similar way as for the first phase of operation of the
converter
uC ( t ) = ( −3.7cos 44721t − 0.000827sin 44721t ) e−10t V ,

iL ( t ) = ( −0.0037cos 44721t − 8.2735sin 44721t ) e−10t A .
The frequency of the free oscillations is obtained by the expressions (1) and
2π
Ω = ω 02 − b 2 = 2π f св =
Tсв

fсв. =

Ω 44721
=
≈ 7118Hz ,
2π
2π

the period of the free oscillations is
Tсв . =

1
2π
π
=
=
≈ 140.5 *10−6 s ≈ 141 µ s ,
f св. Ω 44721

the circular frequency of the fluctuations and the damping ratio are

ω0 =

1
1
=
= 44722.7 s −1
LC
10 *10−6 * 50 *10−6

b=

1
1
=
= 100 .
2RC 2 *103 *50 *10−6
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It can be seen that L and C are inversely proportional to ω0, and R and C are
inversely proportional to b, etc. ω0 will increase by decreasing of L or C, and b will
increase by decreasing of R or C and vice versa.
3. SIMULATIONS OF BUCK DC/DC CONVERTER IN PSPICE ENVIRONMENT
The scheme of buck DC/DC converter is designed graphically by the PSpice
editor - Schematics (fig. 2).

Fig. 2. PSpice model of switched buck DC/DC converter

Initially, the switch K1 is closed and K2 is open (first phase). In this case the
circuit is connected to a DC voltage source. The switch К1 opens and К2 closes at the
instant t = 30 ms (second phase). A new transient starts. Independent initial
conditions, for this phase are the steady state values for the previous phase.
The graph from fig. 3 shows the transient of capacitor voltage uC(t), and the time
diagram from fig. 4 discloses the transient of inductor current iL(t).

Fig. 3. The transient during the two conditional working phases of the converter –
the capacitive voltage uC(t)
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Fig. 4. The transient during the two conditional working phases of the converter –
the inductive current iL(t)

4. CONCLUSIONS
When comparing the results of simulations with those from the analytical
research, it is found that they overlap. The inductance L and capacitance C are
inversely proportional to ω0, and resistance R and C are inversely proportional to b,
etc. ω0 will increase by decreasing of L or C, and b will increase by decreasing of R
or C and vice versa. Therefore, by proper selection of the values of the elements in
the circuit it can affect the transient, so to achieve desired parameters of the process.
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Abstract: Overpopulation is one of the biggest problems in the world today. Speaking about facts,
increase in the number of humans means increase in the number of cars on roads. Thus traffic
management is a critical issue faced in many metropolitan cities today. There are many
problems of congestion with traffic light in many cities especially for emergency vehicles. Lack
of efficient traffic control leads to loss of lives because of ambulance delay in case of getting
stuck in traffic jams. In this paper is suggested a smart traffic control system which consist a
combination of 2 independent systems to overcome this problem. The first system is using a
RFID, smart semaphores whereas the second system is having the application of stroboscopic
effect along with stroboscope lights and sensors. The combination of these two systems would
easily control the traffic and will help emergency vehicles to reach their destinations on time.
Keywords: RFID, traffic flow control, intelligent traffic light controller, strobe light

1. INTRODUCTION
With the growth in urbanization, industrialization and population, there has been a
tremendous growth in the car traffic. With growth in it, there are occurrences of
bundle of problems too, which include traffic jams, accidents etc. [1]. One of the
adverse effects of traffic jams are faced by the emergency vehicles like ambulance,
fire brigades etc. This problem of ambulance when getting stuck in a traffic jam can
be addressed by ensuring that the lane in which the ambulance is travelling is cleared.
This can be done by signalling the nearest traffic light whenever there is an
ambulance approaching.
However, all the ambulances will not be carrying emergency cases thus the use of
RFID (radio-frequency identification) tag will distinguish the emergency and nonemergency cases [2], hence preventing unnecessary traffic congestion. Further, RFID
tag will only act as a sensor in the emergency situations and will pass on the signals
to the traffic lights.
Another method proposed for signalling the traffic light is by application of strobe
lights as an indicator. In this technique, flashing strobe lights of emergency vehicles
will be sensed by cameras and strobe sensors which are directly connected to the
traffic light controller, hence signalling the presence of emergency vehicles.
The signals received from either RFID reader or light sensors are then collected
by Semaphores present at every roads of the junction. The sequence of these
semaphores will be controlled by the Programmable Integrated Circuit (PIC)
microcontroller [3]. The intended system is to change the sequence back to the
normal sequence after triggering for the emergency modes by using the controller.
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2. BACKGROUND
Radio frequency identification or so called RFID is a technology used for
automatically identifying a person, a package or an item using radio signals. To do
this, it relies on RFID tags. These are small transponders which transmit identity
information over a short distance, when asked. Most RFID tags contain at least two
parts. One is an integrated circuit which stores some information, modulating and
demodulating a radio frequency (RF) signal, and other special functions. The second
is an antenna for receiving and transmitting the signal. There are mainly two types of
RFID tags: active RFID tags, which contain a battery, and passive RFID tags, which
have no battery. The life of passive tags is much longer as compared.
In the real life a semaphore (traffic light) is a system of signals used to
communicate visually, usually with lights. In software, the semaphore is a data
structure which is useful for solving a variety of synchronization problems.
Implementation of semaphores is available as part of the programming language or
the operating system, therefore it can be easily modified as per ones requirements. In
other words, semaphores could be used as a better option instead of traffic signals.
The strobe light or stroboscopic lamp, is a device used to produce regular flashes
of light which can be in different colours.
Further, a stroboscope is an instrument used to make a cyclically moving object
appear to be slow-moving, or stationary. It consists of a rotating disk with slots or
holes or a lamp such as a flashtube which produces brief done again flashes of light.
The rate of the stroboscope is adjustable to some different frequencies.
3. NEW APPROACH FOR AN INTELLIGENT URBAN TRAFFIC LIGHT SYSTEM
The proposed system contains 3 different units which are interconnected with
each other, namely: Ambulance unit- detection of emergency vehicles; Junction unitcontrol the junction semaphores; Flow control unit- manage the direction of
ambulance.
3.1. Ambulance Unit
This unit is further divided into 2 systems- RFID system and Strobe detection
system. These systems can work both separately as well as in combination. If used
separately the combination of these systems will not only be more efficient but will
be more secure as it will be very difficult to hack or violate the conditions.
3.1.1. RFID system
This system consists of a RFID tag installed in the ambulance. It will be used as a
sensor in a case of emergency. This means that whenever there will be an emergency,
driver of the ambulance will activate the RFID tag which will be then detected by the
RFID readers present few meters before or on the junction semaphores. These readers
will then continuously pass on the signals to the junction unit where the controlling of
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semaphores will take place. As soon the ambulance having the active tag cross the
junction, the reader will stop sending the signals and conditions will turn back to
normal. Also since every road will have a separate semaphore, therefore number of
RFID readers present will be same as that of semaphores. For example, at a junction
of 4 roads, there will be 8 semaphores;
semaphores hence there will be 4 RFID readers as shows
show
Fig. 1 [4].

Fig. 1. RFID reader positioning on the road schema

The access control is detection
tion of IDs entry to or exit from the range area of the RFID
reader. After the detection via RFID, the signals are then transferred to the junction
unit. A simplified flowchart of entire ambulance unit is shown on fig.
fig 2.

Fig. 2. A simplified flowchart of entire ambulance unit
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3.1.2. Strobe detection system
It is estimated that more than 90% of the sensory input to a motor vehicle driver is
obtained visually. Thus, visual warning systems are likely to be crucial in alerting
drivers to the approaching ambulance. When an emergency vehicle approaches a
junction, it needs the light to be green. Each emergency vehicle has a special strobe
light that triggers the traffic light which will behave as the indicator light for the traffic
signal. When the sensor is triggered, the traffic light shows green for the approaching
emergency vehicle. Thus sensors will be directly connected to the microcontroller
present in the junction unit. As soon the emergency vehicle passes the junction, the
sensors will be turned off and the traffic sequence will get back to normal.
3.2 Junction unit
Junction unit must be installed at the crossroads and consist of semaphores or
traffic signals present on every side of the road. The sequence of these signals will be
controlled by the Programmable Integrated Circuit (PIC) microcontroller interfaced
with a transceiver.
Working of junction unit is processed in steps. Initially the signals sent by the
RFID reader or sensors are collected by the transceiver interfaced with the
microcontroller. After recognising the received signals, the microcontroller activates
the emergency mode and the sequence of the semaphores present at the junction must
change. The sequence is getting back to the normal mode only when the transceiver
stops receiving the signal from the RFID reader or the light sensors.
The sequence of traffic signals is working differently in the two modes.
4. CONCLUSIONS
The proposed smart traffic control system for ambulance is based on radio
frequency identification and stroboscopic identification of an ambulance in
emergency case. The use of the both systems in same time for identification stands on
the identification of a real case of emergency and as a prove for such car regime. In
other systems which use only stroboscopic effect of the ambulance vehicle it is
possible to overcome their defence and to be hacked by a random driver using the
same light signals in front of the urban traffic light. Only if the both systems are
activated simultaneously this will change the traffic light on green for the path way of
the ambulance. The suggested system is going to be implemented in future for further
experimentations and demonstrations.
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ITERATIVE ALGORITHMS FOR DETERMINING A P-SOLUTION
OF LINEAR INTERVAL PARAMETRIC SYSTEMS
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Abstract: A new type of solution related to linear interval parametric (LIP) systems of equations,
so-called parameterized or p-solution, has recently been suggested. The use of the latter solution seems promising in addressing various analysis problems of LIP circuits such as linear
circuit tolerance analysis, robust stability or power range determination. In the present paper,
detailed iterative algorithms for computing p-solutions of LIP systems are developed.
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1. INTRODUCTION
It is known that linear interval parametric (LIP) systems of equations describe
various LIP circuit analysis problems such as tolerance analysis, robust stability and
power range. Therefore, the effective solution of such systems is of utmost
importance.
The real square LIP systems of size n considered in circuits theory are of (or can
be reduced to) the following form [1] - [5]
A( p ) x = a ( p ) , p ∈ p

(1a)

whose elements aij ( p) and ai ( p ) are affine linear functions
m

m

µ =1

µ =1

aij ( p) = α ij + ∑ aijµ pµ , ai ( p ) = α i + ∑ α iµ pµ , pi ∈ pi ,

(1b)

p = ( p1 ,.., pm ) is a real m-dimensional vector belonging to a given interval vector
p = ( p1 ,.., pm ) . Without loss of generality, it is assumed that the parameter vector p is a

symmetric vector of unit radius, i.e., pi = [ −1, 1] for i = 1,..., m . As is well known,
system (1) admits various solutions such as united solution set S, interval hull
solution x * and outer interval solution x [1], [2].
A new type of solution x ( p ) to the LIP system (1) (called parameterized or psolution) has been recently introduced in [3]. It is defined as a corresponding linear
interval form
(2)
x ( p ) = Lp + a , p ∈ p
where L is a real n × m matrix while a is an n-dimensional interval vector. An
iterative method for determining x ( p ) was suggested in [3]. For the advantages of
x ( p ) over the standard (non-parametric) solutions x and x * , the reader is referred to
[3] – [5].
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The accent in [3] was laid on the theoretical foundation of the iterative method. In
the present paper, the algorithmic aspect of the method is addressed in detail. A basic
algorithm is presented in Section 2. Two alternative algorithms are suggested and
discussed in Section 3. A numerical example, illustrating and comparing various
characteristics of the algorithms is given in Section 4.
Notations
We will use boldface to denote interval quantities, underscores to denote lower
bounds and overscores to denote upper bounds. Subscripts will be used to denote
components of vectors or matrices. In general, vectors (scalars) will be denoted by
lower case letters, while matrices will be denoted by upper case. Let A and B be n × m
real matrices. Relations A = B , A ≤ B etc. are meant component-wise. The same
convention is accepted for interval matrices. An interval n × m matrix A can be
defined either in its lower-upper-end form A = [ A, A] or in a center-radius form
(
(
(
A = A + [ − Aˆ , Aˆ ] = A + Aˆ [ −1, 1] where A is the centre and Â is the radius of A. Clearly
(
(
A = A − Aˆ , A = A + Aˆ . The ith row and µ th column of a matrix A will be denoted A
i:

and A :µ , respectively.
2. BASIC ALGORITHM
Following [3], system (1) is written equivalently in the form
A( p ) x = a ( p ) , p ∈ p ,

(3a)

( m
A( p) = A + ∑ A( µ ) pµ , a ( p ) = a 0 + A0 p

(3b)

µ =1

(

where A , A( µ ) are n × n real matrices while A0 is a n × m real matrix and a 0 is a real
column vector. The basic algorithm A0 presented here is a slight modification of the
method in [3].
Algorithm A0
Step 1. Choose ε and ν (maximum number of iterations). For simplicity of
presentation, it is assumed that Algorithm A0 is convergent for κ within ν , i.e. κ ≤ ν .
(
(
Given A , A(1) ,..., A( m ) , a 0 and A0 , compute the solution x(0) from Ax = a 0 . Compute the
matrix A(0) with columns
0
(µ )
A :(0)
x .
(4)
µ = A :µ − A
(0 )

Form the n × ( n × m + m) matrix Y = ( A(1) ,..., A( m ) , A( 0) ) . Now solve the augmented
system
(
(5)
AZ = Y .
Obviously, Z is a n × ( n × m + m) matrix and Z = ( B (1) ,.., B ( m ) , B (0) ) .
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Step 2. Let ν = 0 and

c (1) = 0 , L(1) = B(0) , s (1) = 0
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(6a)

where c(1) , L(1) and s(1) are the terms of the LI form
l (1) ( p ) = c (1) + L(1) p + s (1) .

(6b)

Step 3. Let ν = ν + 1 . Determine as in [3] the next iteration LI form
l ( 2) ( p ) = c (2) + L(2) p + s (2) .

(7)

a = l (1) ( p ) , b = l (2) ( p)

(8)

Compute also
Unlike [3], a better stopping criterion is used here
qr ( a , b ) ≤ ε 1

(9a)

which is based on the use of an a relative distance
qr ((a , b )) = q ((a , b )) / max( rad (bi ))

(9b)

where q (a , b ) is analogous to that given in [3].
Step 4. If
qr > ε

(10)

let c (1) := c ( 2) , L(1) := L( 2) , s (1) := s ( 2) , l (1) ( p ) = c (1) + L(1) p + s (1) and go to Step 3; otherwise
terminate with
(11)
x A 0 ( p ) = x (0) + l (2) ( p ) = x (0) + c (2) + L( 2) p + s (2) , p ∈ p .
As shown in [3]
l (κ ) ( p) ⊂ l (κ +1) ( p) .

(12)

Thus, algorithm A0 is based on an expansion iterative scheme. Therefore, the
approximate p-solution x A0 ( p ) is an inner approximation of the exact solution x ( p ) is
the sense that
(13)
x ( p) ⊂ x A0 ( p) .
3. ALTERNATIVE ALGORITHMS
3.1. Contractive iterative scheme
In this subsection, the starting LI form is
l (0) ( p ) = c (0) + L(0) p + s (0)

(14)

such that any two iterations l (κ ) ( p ) and l (κ +1) ( p) satisfy the property
l (κ +1) ( p) ⊂ l (κ ) ( p) , κ ≥ 0

(15)

which can be called contractive. The starting LI form is obtained using the direct
method from [4]. It produces an approximate p-solution

102

15.09.16 – 16.09.16, Sofia, Bulgaria
x d ( p ) = x d + c d + Ld p + s d ,

p∈ p.

(16)

whose range x d ( p) is guaranteed to contain x ( p) . Thus, the elements of (14) are
chosen as follows:
(17)
c (0) = x d − c d , L(0) = Ld , s (0) = s d .
The algorithm based on the contractive iterative scheme will be referred to as
Algorithm A1.
If the first iteration l (1) ( p ) = c (1) + L(1) p + s (1) , p ∈ p is such that l (0) ( p) ⊆ l (1) ( p) , the
iterative scheme is not contractive and, hence, is not applicable.
Algorithm A1
Step 1 is the same as in Algorithm A0.
Step 2. Apply the direct method [4] to obtain (16). Use (17) to initialize the
iterations.
Step 3 is the same as in Algorithm A0.
Step 4. If
b⊂a,

(18)

compute qr (a , b) and go to next step; otherwise terminate with outcome 01 : Algorithm
A1 is not applicable.
Step 5. If qr (a , b) > ε , let c (1) := c ( 2) , L(1) := L( 2) , s (1) := s ( 2) , l (1) ( p ) = c (1) + L(1) p + s (1) and
go to Step 3; otherwise terminate with outcome O2 yielding
x A1 ( p ) = x (0) + l (2) ( p ) = x (0) + c (2) + L( 2) p + s (2) ,

p∈ p.

(19)

On account of (15), the approximate p-solution x A1 ( p ) obtained by (19) is an outer
approximation of the exact solution x ( p ) is the sense that
x ( p) ⊂ x A0 ( p) .

(20)

3.2. Inflation iterative scheme
In this case, a combination of Algorithms A0 and A1 is used. First, a coarse ε 0 is
chosen and A0 is applied to get an inner approximation
x A0 ( p ) = x ( 2) + L(2) p + s (2) ,

p∈ p

(21)

of the exact p-solution x ( p ) . At that point, x A0 ( p ) is inflated around x (2) setting
x (1) ( p, γ ) = x (2) + L(1) p + s (1) ,

p∈ p

(22a)

where
L(1) = γ L( 2) ,

s (1) = γ 2 s ( 2) .

(22b)
Formula (22b) is explained by the fact that for p (1) = γ p ( 2) the relation between L(1)
and L(2) is linear while the relation between s (1) and s (2) is quadratic. The inflation
coefficient γ > 1 should the large enough to ensure the inclusion
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x ( p ) ⊂ x (1) ( p, γ ) .

(23)

The equality γ = 1 + ε 0 seems to be a good initial choice. If necessary γ can be
enlarged setting γ := γ + ε 0 .
Now a better ε 1 < ε 0 is chosen and Algorithm A1 is applied using x (1) ( p, γ ) from
(22a) as an initial iteration. Such a hybrid computational scheme will be referred to as
Algorithm A2. Since λ is close to 1, x (1) ( p, γ ) is a good outer approximation on x ( p )
so Algorithm A1 takes just a few iterations to satisfy qr ≤ ε 1 . In view of ε 1 < ε 0 ,
Algorithm A0 now needs a small of number of iterations than A0 using ε 1 . Thus, it is
expected that A2 will be more efficient than A0 and A1.
Algorithm A2
The Steps 1 to 3 are as in Algorithm A0 except for Step 1 where additionally
ε 1 < ε 2 and γ are chosen as well as α = 0 .
Step 4. If α = 0 , check:
if qr < ε 0 let c (1) := c ( 2) , L(1) := L( 2) , s (1) := s ( 2) and go to Step 3
else let α = 1 , ν 1 = ν and go to next step;
otherwise go to next step.
Step 5. If ν = ν 1 , let ε = ε 1 , c (1) = c ( 2) , L(1) = γ L( 2) , s (1) = γ s ( 2) and go to Step 3
else check:
if qr < ε 1 let c (1) := c ( 2) , L(1) := L( 2) , s (1) := s ( 2) and go to Step 3
else terminate obtaining
x A 2 ( p ) = x (0) + l ( 2) ( p ) = x (0) + c ( 2) + L(2) p + s (2) ,

p∈ p .

(24)

4. COMPARISON OF THE ALGORITHMS
To compare the above algorithms, we consider the LIP system of [3]. We first
consider the problem of estimating the applicability radius ra ( A) of each algorithm
A0, Al and A. To this end, we use the family of boxes (interval vectors)
p( ρ ) = p 0 + ρ  −r 0 , r 0  ( p 0 and r 0 are given in [3]) and apply each algorithm to a set of
boxes p( ρ ) for various discrete values of ρ . When using algorithm A2, the constants
involved were chosen as follows: ε1 = 10−4 , γ = 1.005, ε 2 = 10−6 with ε 2 = ε = 10−6 where
ε is the accuracy threshold used in case of algorithm A0, Al; the maximum number
of iterations was chosen large enough as ni = 3000 . The data about ra ( A) are given in
the second row of Table 1.
Table 1
Algorithm
ra ( A)

A0
0.74

A1
0.74

A2
0.74

ni

979

962

487
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Thus, it has been established experimentally that all algorithms have (approximately) the same applicability radius ra . While the applicability radius is the same,
the number of iterations needed by each algorithm is different. As is seen from the
data given in the third row of the table, the most effective algorithm is A2, the other
two algorithms being approximately equal.
We show that the superiority of algorithm A2 over the other two algorithms
remains valid for any ρ < ra . Table 2 lists data referring to Algorithms A0 and A2 for
various ρ . It is seen that the improvement becomes more significant as ρ approaches
the applicability radius ra .
Table 2

ρ

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.72

A0

ni

5

8

11

16

24

41

129

224

A1

ni

6

9

12

17

24

42

128

221

ni0

γ

4

6

8

10

15

26

77

128

1.0001

1.0001

1.0001

1.0001

1.0001

1.0001

1.0005

1.001

ni

5

7

9

11

16

27

78

129

A2

5. CONCLUSION
Two alternative algorithms A1 and A2 implementing a known method (algorithm
A0) for determining p-solutions of LIP systems of the type (1) have been suggested
(Section 3). It has been shown in Section 3.2 that the inflation iterative scheme of A2
is expected to be more efficient than A0 and A1. This is confirmed by the numerical
example given in Section 4. In the present paper, all three iterative algorithms A0, A1
and A2 have been implemented in matrix form. In that case, the transition from a
current iteration to the next is done in the manner shown in Sections 2 and 3. An
alternative so-called component-wise implementation is possible (to be reported in a
subsequent publication). It should be also noted that the present best inflation
iterative scheme of A2 can be extended to the linear and nonlinear form algorithms
proposed in [5].
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PARAMETERIZED SOLUTIONS OF LINEAR INTERVAL
PARAMETRIC SYSTEMS HAVING NONLINEAR PARAMETRIC
DEPENDENCIES
Lubomir Kolev
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Abstract: Recently, a new type of solution (so-called parameterized or p-solution) of linear interval
parameter (LIP) systems having linear parametric dependencies (LPD) has been suggested. In
the present paper, the concept of a p-solution is extended to the case of LIP systems having
nonlinear parametric dependences (NPD). An approach to determining p-solutions of NPD
systems has been proposed. It is based on a specific transformation of the original NPD system
into a corresponding augmented-size LPD system. The new p-solutions can be used in solving
various problems arising in linear or nonlinear circuit analysis problems.
Keywords: parametric systems, nonlinear parametric dependencies, parameterized solutions

1. INTRODUCTION
As is known, many linear [1], [2] or nonlinear circuit [3] analysis problems can be
stated in the form of a related linear interval parameter (LIP) system. Such a system
is defined as the family of linear algebraic systems
A( p ) x = b ( p )

(1a)

aij ( p) = aij ( p1 ,..., pm p ), bi ( p ) = bi ( p1 ,..., pm p ) ,

p∈ p

(1b)

where p = ( p1 ,.., pm ) is a real m p -dimensional vector belonging to a given interval
vector p = ( p1 ,.., pm ) whereas A( p ) and b( p ) are a parametric matrix and vector of
p

p

size n, respectively. In the general case, the elements aij ( p ) and bi ( p ) are nonlinear
functions of p (such systems will be referred to as nonlinear parametric dependencies
(NPD) systems). In a special case, they are affine-linear functions
mp

aij ( p ) = α ij + ∑ aij µ pµ ,
µ =1

mp

bi ( p ) = β i + ∑ β iµ pµ

(2)

µ =1

(such systems will be referred to as linear parametric dependence (LPD) systems).
System (1) admits various solutions such as united solution set S, interval hull
solution x * and outer interval solution x . Most of the known results refer to LPD
systems. Outer interval solutions x of NPD systems are obtained in [4] for rational
functions of parameters and in [5] for polynomial parameter dependencies.
A new type of solution x ( p) to the LIP system of the LPD type (called
parameterized or p-solution) has been recently introduced in [6]. It is defined as a
corresponding linear interval form
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x ( p ) = Lp + a ,

p∈ p

(3)

where L is a real n × m p matrix while a is an n-dimensional interval vector. An
iterative method for determining x ( p) was suggested in [6]. For the advantages of
x ( p) over the standard (non-parameterized) solutions x and x * , the reader is referred
to [6]-[8].
In the present paper, the concept of parameterized solution [6] is extended to the
case of NPD systems. Now the p-solution has the form
x ( p, q ) = Lp p + Lq q + a' ,

p ∈ p, q ∈ q

(4)

where Lp is a real n × m p matrix, Lq is a real n × mq matrix while a' is an n-dimensional interval vector.
The paper is structured as follows. An approach for determining x ( p, q ) is
suggested in Section 2. A numerical example illustrating the approach is considered
in the next section. Final remarks are given in Section 4.
2. DETERMINING A PARAMETERIZED SOLUTION
Let I1 and J1 denote the set of those indices i and j for which the corresponding
elements aij ( p ) or bi ( p) are nonlinear functions of p; for the remaining i ∉ I1 , j ∉ J1
the elements aij ( p ) or bi ( p) are given as in (2). Thus, the NPD system considered is
defined as follows
(5a)
A( p ) x = b( p ) , p ∈ p ,
aij ( p) = aij ( p1 ,..., pm p ), bi ( p ) = bi ( p1 ,..., pm p ) , i ∈ I1 , j ∈ J1 ,
mp

aij ( p ) = α ij + ∑ aij µ pµ ,
µ =1

mp

bi ( p ) = β i + ∑ β iµ pµ ,
µ =1

i ∉ I1 , j ∉ J 1 .

(5b)
(5c)

As is shown in [9], each nonlinear function in (5b) can be enclosed in p by a
corresponding linear interval (LI) form.
The approach for determining x ( p, q ) comprises the following steps.
1. Using [9], we first enclose each nonlinear functions aij ( p ) , bi ( p) by a correspondinglinear LI form lij ( p, qij ) , li ( p, qi ) to have
mp

aij ( p ) ∈ lij ( p, qij ) = α ij + ∑ aij µ pµ + qij ,
µ =1

mp

bi ( p ) ∈ li ( p, qi ) = β i + ∑ βiµ pµ + qi ,
µ =1

pµ ∈ pµ , qij ∈ qij ,
pµ ∈ pµ , qi ∈ qi ,

i ∈ I1 , j ∈ J 1 ,
i ∈ I1 , j ∈ J 1 .

(6a)
(6b)

The numbering of the additional variables qij , qi is now changed as follow: first
the double index qij are ordered row by row and finally the single index qi are added.
Thus, a new mq - dimensional parameter vector q is created where mq is given by the
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total number of different nonlinear functions aij ( p) and bi ( p) , i ∈ I1 , j ∈ J1 .
2. At this point, the original parameter vector p of dimension m p and the
additional parameter vector q of dimension mq are aggregated to form the augmented
m-dimensional parameter vector t = { p, q} and its interval counterpart t = { p, q} ,
m = m p + mq . Using t and t, the LIP system (6) resulting from linearizing the original
nonlinear system (5) can be written as
A '(t ) y = b '(t ), t ∈ t ,

(7)

where A '(t ) and b '(t ) are an n × m LPD matrix and an n-dimensional LPD vector,
respectively. Let Ac' = A(t c ) , bc' = b(t c ) where t c is the centre of t. Let y c be the
solution of Ac y = bc ( A ' is assumed non-singular). As in [6], (7) can be transformed
equivalently to
(8a)
A(t ) y = b(t ), t µ ∈ [-1,1] ,
m

m

µ

µ

Aij (t ) = α ij0 + ∑ α ijµ tµ , bi (t ) = βi0 + ∑ βiµ tµ

(8b)

(now each t µ is a symmetric interval of unit radius).
3. Let the p-solution of (8) be
y (t ) = y c + M t + [− s, s ], t ∈ t

(9)

where M is a real n × m matrix while s is the radius of an n-dimensional s = [− s, s ] . The
solution (9) (i.e. the computation of y c , M and s ) can be determined using the
iterative method of [6]. We have the following result.
Theorem. Let (8) be the augmented LPD system resulting from the original NPD
system (5). Assuming (8) solvable, let its p-solution be given by (9). Then y (t ) , t ∈ t
is a p-solution of the original NPD system (5).
Proof. Let S1 ( p) denote the so-called united solution set of (5), i.e.
S1 ( p) = { x : A( p) x = b( p), p ∈ p} .

In a similar way, let S2 (t ) be the united solution set (8), i.e.
S2 (t ) = { y : A(t ) y = b(t ), t ∈ t } .

On account of (6)
S1 ( p) ⊂ S 2 (t ) .

(10)

Also, let S3 (t ) be the image of y (t ) when t varies over t , i.e.
S3 ( t ) = { z + g : z = y c + M t , t ∈ t } .

(11)

S 2 ( t ) ⊂ S3 ( t ) .

(12)

In view of (11)
On account of (10) and (12)
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S1 ( p) ⊂ S3 (t )

(13)

which concludes the proof of the theorem.
Corollary. Let y (t ) and y (t ) denote a p-solution of (8) and its interval hull,
respectively. Then an outer solution x of the original NPD system (5) is determined
as
(14)
x = y (t ) .
Proof. By definition x is any interval vector enclosing S1 ( p) , i.e.
S1 ( p) ⊂ x .

(15)

S3 ( t ) ⊂ y ( t )

(16)

But y (t ) ∈ y (t ) , ∀t ∈ t hence
On account of (13) and (16) S1 ( p) ⊂ y (t ) , which by (15) proves (14).
Similarly to the case of LPD systems, the p-solution x (t ) can be used in solving
various interesting problems related to the NPD system considered. A short list of
such problems might include: finding the interval hull solution of system (5),
determining the range of parameter linear or quadratic programming, solving general
nonlinear programming problems where the constraint is the NPD system (5). In the
following section, an illustrative example will be given treating only the simplest
aspects of the topic considered.
3. EXAMPLE
We consider the following LIP system having non linear parametric dependencies
A( p ) x = a ( p ) ,

p2 + 1
− p3 
 a11 ( p1 )

A( p) =  p2 + 1
−3
p1  ,
 2 − p3 a23 ( p2 , p3 ) 1 

a11 ( p1 ) = p13 + p1 + 1 ,

(17a)

 2 p1 
b( p) = b2 ( p3 )  ,
 −1 

a23 ( p2 , p3 ) = 4 p2 p3 + 1 ,

p∈ p,

(17b)

b2 ( p3 ) = p32 − 1 .

(17c)

The above system is a nonlinear modification of a known linear parametric
dependencies system [6] where a11 ( p1 ) = p1 , a23 ( p2 , p3 ) = 4 p2 p3 + 1 and b2 ( p3 ) = p3 − 1 .
For a fixed p, the nonlinear functions in (17c) are linearized using the corresponding procedures in [9]. Thus,
a11 ( p1 ) = p13 + p1 + 1 ,

p1 ∈ p1

(18a)

is enclosed in a Chebyshev LI form
l11 ( p1 , q1 ) = α11 + α111 p1 + q1 ,

( q$ denotes the radius of q1 ) so

p1 ∈ p1 ,

q1 ∈ q1 ,

q1 ∈ q1 = [− q$1 , q$ ]

(18b)
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a11 ( p1 ) ∈ l11 ( p1 , q1 ) ,

p1 ∈ p1 ,

q1 ∈ q1 .
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(18c)

The LI enclosure of
a23 ( p2 , p3 ) = 4 p2 p3 + 1 , p2 ∈ p2 , p3 ∈ p3

(19a)

is
l 23 ( p2 , p3 , q2 ) = α 23 + α 232 p2 + α 233 p3 + q2 , p2 ∈ p2 , p3 ∈ p3 , q2 ∈ q2 = [− q$ 2 , q$ 2 ] , (19b)
a23 ( p2 , p3 ) ∈ l23 ( p2 , p3 , q2 ) , p2 ∈ p2 , p3 ∈ p3 , q2 ∈ q2 .

(19c)

The last function
p3 ∈ p3

b2 ( p3 ) = p32 − 1 ,

(20a)

is enclosed in a Chebyshev LI form
l 2 ( p3 , q3 ) = β 2 + β 23 p3 + q3 , p3 ∈ p3 , q3 ∈ q3 , q3 ∈ q3 = [− q$ 3 , q$ 3 ] ,
b2 ( p3 ) ∈ l2 ( p3 , q3 ) ,

p3 ∈ p3 ,

q3 ∈ q3 .

(20b)
(20c)

At this point, the augmented m-dimensional parameter vector t with m = 3 + 3 = 6
and the corresponding interval parameter vector t are formed. Thus,
t = ( p1 , p2 , p3 , q1 , q2 , q3 ) .
T

(21)

The parameter vector p in (17b) is given in its centre and radius form
p 0 = (0.5 0.5 0.5 ) ,

r 0 = (0.5 0.5 0.5 ) .

(22a)

As each q j is a symmetric interval, the centre q 0 of q = ( q1 , q2 , q3 ) is
q 0 = ( 0, 0, 0 ) .

(22b)

qˆ 0 = ( qˆ10, qˆ20 , qˆ 30 ) .

(22c)

T

while its radius q̂ 0 is

In our example, we shall need a family of interval vectors t
t ( ρ ) = t 0 + ρ  −tˆ 0 , tˆ 0 

(23)

where t 0 and tˆ0 are the centre and radius of the “start” vector given by (21), (22)
while ρ is a discrete variable.
For a fixed ρ , t = t ( ρ ) so using the linearizations (18) to (20), we form the
corresponding LPD system (7):
A '(t ) y = b '(t ), t ∈ t .

(24)

From (23) for ρ = 0.8 the values for the constants are
α11 = 0.7879 , α111 = 1.91 , α 32 = 2 , α 322 = 2 , α 323 = 2 , β 2 = −1.17 .

(25a)

Thus, the center and the radius of the interval vector t = t ( ρ ) for ρ = 0.8 is
t 0 = (0.5 0.5 0.5 0 0 0 )T , tˆ0 = (0.4 0.4 0.4 0.122063 0.64 0.08 )T .

(25b)
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At this stage, following [6], system (24) is transformed equivalently to a system
of the type (8) where each tµ ∈ [−1, 1] , i.e.
6

6

µ =1

µ =1

A(t ) = A(0) + ∑ A( µ )tµ , b(t ) = b(0) + ∑ b( µ )tµ , tµ ∈ [−1, 1] , µ = 1,.., 6 .

(26)

We first consider the problem of determining the p-solution x (t ) to the NPD
system (17) (whose data correspond to ρ = 0.8 ) using the method of [6] (referred to
as method M1). In [6] a simple stopping criterion was used. In this paper, a better
stopping criterion is suggested
qr ( l (κ ) ( t ), l (κ +1) ( t )) ≤ ε1

(27a)

which is based on the use of an a relative distance
qr ( l (κ ) ( t ), l (κ +1) ( t )) = q ( l (κ ) ( t ), l (κ +1) ( t )) / max( rad ( li (κ +1) ( t )))

(27b)

where q (l (κ ) (t ), l (κ +1) (t )) is analogous to q (a , b) given in [6]. For ε1 = 10−6 , method M1
takes ni = 122 iterations to satisfy (27). The following result has been obtained:
 0.2721 -0.0118 -0.0431 -0.0075 0.0010 0.0162 
M =  -0.0477 0.0177 -0.0712 -0.0011 0.0025 -0.0129  ,
 -0.1934 -0.0309 0.5023 0.0160 0.0120 0.0339 
 0.2154 
x = -0.0388 ,
-1.1368
0

 2.2209 
s = 1.1354 
5.4916 

(28a)

(28b)

so
y (t ) = x 0 + M t + [− s, s ] .

(29)

Referring to possible applications of the p-solution x (t ) to an NPD system, here
we confine ourselves to determine the outer solution x of the original system (17).
According to (14), on account of (28) and (29)
x = ([-2.3573, 2.7881], [-1.3273, 1.2498] , [-7.4168, 5.1433])T.

(30)

Finally, we consider the problem of estimating the applicability radius ra of
method M1. Using (23), we determine ra approximately by letting ρ increase with an
increment ∆ρ until inapplicability of the algorithm is reached [6]. The related data
are given in the second row of Table 1.
Table 1

ρ
ni

0.1
5

0.3
9

0.5
17

0.7
42

0.8
122

0.84
559

0.85
---
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Around the approximate value of ra = 0.84 the increment of ρ was chosen to be
∆ρ = 0.01. Thus, ra = 0.84 means that method M1 becomes inapplicable (that is, the
method is not convergent within ni = 3000 ) for ρ = ra = 0.84+ 0.01= 0.85 .
4. CONCLUSION
It has been shown that the concept of a parameterized solution (or p-solution)
suggested recently for LPD systems [6] can be extended to the case of NPD systems.
The basic approach is to enclose the original NPD system (5) by a corresponding
augmented-size LPD system (8). It has been proved, Theorem 1, that the p-solution
y (t ) (9) of system (8) provides a p-solution of the original system (5).
Nowadays, there exist various methods for determining a p-solution of LPD
systems: iterative [6], [7] or direct [8], linear [6], [7] or quadratic [7], using
preconditioning or not [7]. The simple linear iterative method of [6] has been used to
solve an example (17). It remains to explore the potential of the alternative methods
from [6]-[8] for determining p-solutions of NPD systems. Also, it is important to
check the efficiency of the present approach for solving various problems related to
the analysis of interval parameter linear or nonlinear circuits.
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Abstract: The present report is considered an application of induction heating for installation of
bearings situated more widely used in repair of mechanical bearing junctions, in transport and
industry. In the first and second part of the report provides an overview of the types of methods
used mainly for installation of ball bearings when performing various types of repairs. Are
considered the basic steps in designing a transformer for heating the bearings. In the third part
of the report presents the results obtained by induction heating made of various type size ball
bearings, by designed for this purpose transformer. In the final part of the report, are drawn
conclusions, based on made research.
Keywords: induction heating, transformer, rolling bearing, external and internal bearing shell

1. THEORETICAL POSITIONS
Rolling bearings are designed to keep in position geometric axes of axes and
shafts of rotating or oscillating machine parts. They provide relative rotation of the
shaft relative to the box or vice versa. Therefore requirements for their installation are
increased. Correct installation and subsequent maintenance are crucial for maximum
durability and absence of vibrations in the assembled machine unit. Installation of
roller bearings on the shaft is done according to the tightness of the union
predetermined in a single system for design documentation.
Depending on the technical equipment are classified the methods of installation of
roller bearings.
− The main installation methods are:
− Immediately piling using specialized mounting press, taking care not to be
deformed basic details of the bearing as a separator, protective and sealing
rings From this condition arise requirements for instruments used especially
for simultaneous installation of both bearing shells when both joints have a
tight fit. This technology is commonly used in the installation of small
bearings, mainly when performing repair and restoration activities, where
mounting efforts to overcome the tightness are relatively small and do not
exceed the dynamic load of the respective bearing.
− Oil bath- when this method is used preheated to an appropriate temperature
oil. The oil bath is placed on a platform on which there is placed a layer of
sand with a thickness of 2-3 cm. Considering that the oil on fire at 200 C, the
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heating is performed in a specific place, which in many cases is far from
facility subject to repair. This method requires
requires a lot of energy and a real fire
hazard.
− Induction heating, it uses special transformers operating at frequencies from
50Hz to above 10 MHz, and depending on the operating frequency, the power
and the dimensions of the blank, are allowed to be heated, as the surface layers
or individual sections, and the entire cross-section
cross section of the blank.
Principle structure of such a transformer is shown in Figure 1,
1

Fig. 1. Transformer with body heating

where: 1 – Coil; 2 – Steel core;
core 3 – Mobile yoke; 4 – Ball bearing
2. SIZING OF LABORATORY TRANSFORMER FOR HEATING BEARINGS
Laboratory transformer for induction heating of bearings, having a weight of 2 kg
to 5 kg, is designed for use in grid voltage U = 230V and frequency f = 50 Hz . The
main important stages in the design of such transformer [4,5] are:
1. Determination of the quantity of heat required for heating:
Q = GC1 (t 2 − t1 ) , [J ]

(1)

where: G -is
is the weight of the heated part [kg ] ; C - is the specific heat of steel
[J / kg. deg] ; t1 = 230 C - is the initial temperature of the bearing from which the heating
process begin; t 2 = 120 0 C - is an extreme temperature achieved
2. Determination of the power of the secondary side of the transformer:
P2 =

where: Pw2 =

Pw2
, [W ]
nh

(2)

Q
, [W ] ; t - is warm-up
warm
time (t = 360 sek ) ; nh = 0,8 is a factor consi860 t

dering the heat loss.
3. Determination of the power of the primary side of the transformer [1,2]
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P1 =

where: Pw1 =

Pw1
, [W ]
cos ϕ

(3)

P2
, [W ] , and nel. = 0,95 is a factor considering electrical losses.
nel .

4. Determining the size of the core:
S Fe = c

P1α10 −6
,
B f ji

(4)

where: S Fe - it is the active section of the core; B - is magnetic induction in the core
[T ] ; c - factor depending on the number of phases (c = 0,4 ÷ 0,7) ; α --the relative to the
weight of the steel of the core to the weight of the copper of the coils (α = 2 ÷ 3)
5. Determination of the number of turns of the coil and section of the conductor:
w1 =

230
, [turns]
4,44 f B S Fe .10 − 4

s1 =

[

P1 / U 1 mm 2
,
j1

]

(5)
(5a)

6. Based on the calculations in the final stage is calculated overheating of the
surface of the primary coil by:
∆Q =

PCu
αS cool

(6)

where: S cool - is the calculated temperature of the cooling surface of the coil; α − is the
coefficient of heat [W / m 2 C ].
3. TEST RESULTS
Based on the realized calculations, with basic steps shown in item 2 is made
transformer whose main parameters obtained in the calculation process are:
P1 = 0,92kW ; S Fe = 22,33.10 −4 m 2 ; number of turns w = 444turns .; , current of the primary coil I = 6,04 A; , section of the conductor s = 1,53mm 2 ; overheating of the surface of
the coil ∆Q = 49,9 o C
With so make laboratory transformer for heating bearings are studies the heating
time and temperature reached three types of rolling ball bearings typo-size 6309;
6310 and 6318.
Heating times were measured at intervals of 10s, and the temperature of the
external and internal bearing shell were measured using an electronic device having
two sensors (platinum 100)
The results of measurements are shown in graphical form in Figure 2 to Figure 4.
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Fig. 2. Heating bearing 6309

Fig. 3. Heating bearing 6310

Fig. 4. Heating bearing 6318
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4. CONCLUSIONS
The results from research can draw the following conclusions:
1. Heating bearings can be made directly on the place of repair.
2. The heating of the tested model bearing is evenly.
3. The bearings heat quickly, which helps to reduce the time to repair and
assembly.
4. The developed installation can be successfully used in laboratory classes
Electrotechnology
References:
S. Bonev "Small power and special transformers", Technique, Sofia, 1963.
K. Brandisky G. Georgiev and others. "Theoretical Electrical - part I" KING, 2004.
K. Brandisky G. Georgiev and others. "Theoretical Electrical - part II" KING, 2008.
K. Brandiski, V. Mladenov and others. "Guide to solving problems in Electrical Engineering with MATLAB", TU, 2000.
[5] Conrad H. Krampits P "Elektrotehnilogiya" Technique, Sofia, 1980.
[1]
[2]
[3]
[4]
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Abstract: The high voltage equipment includes generators, motors, power transformers, as well as
power cables and their accessories. They all are exposed to a variety of environmental and
operational stress factors throughout their service life. These stress factors cause agеing and
degradation in electrical insulation over time. High voltage equipment monitoring, particularly
on-line partial discharge monitoring, makes a crucial contribution to maintaining the operation safety and reliability of electrical equipment. Monitoring systems provide with evidence
about work changes in the high voltage equipment. Eventual defects can be detected at an early
stage to allow assets at risk of failure to be removed from service and repaired.
Keywords: high voltage equipment, insulation system, monitoring system.

1. INTRODUCTION
High voltage equipment monitoring is based on different diagnostic systems.
Diagnostic of electrical equipment insulation systems is primarily directed to
extending equipment life and reducing operational costs and risks. Most diagnostic
systems, including laboratory measurements, off-line testing, periodical on-line, and
continuous on-line monitoring, aim to detect changes in the insulation system in the
form of an early warning system.
2. CONDITION MONITORING

Fig. 1
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Condition monitoring includes measurements of electrical and nonelectrical
quantities such as apparent power and load factor, oil temperature, hot-spot
temperature, gas-in-oil content, moisture in oil content, moisture of paper, bubbling
temperature and safety margin, aging rate and lifetime consumption, breakdown
voltage, actual losses, overload capacity, emergency overloading time, and partial
discharge.
Conditions and defects that could be detected by appropriate measurement
methods and techniques are: hotspots, degradation of insulation, excess moisture in
paper and oil insulation, partial discharges, localized faults, mechanical defects and
chemical or thermal ageing.
In general, none of these defects can be detected by a single measurement or
monitoring procedure. Therefore, combinations of different methods need to be
applied.
3. TRANSFORMER MONITORING
Transformers are one of the most important components in a power system.
Transformer monitoring has an early warning system for any fault developing in the
main tank and in the accessories. That allows an operator to evaluate the importance
of the situation. Transformers are connected to the operator’s network and can be
monitored from a local control room or from remote working stations sensors
measuring dissolved gases, moisture in oil, oil temperature, load current for each unit,
and ambient temperature send data to the system through analogue signals. An
example of transformer monitoring system can be seen in Fig. 2.

Fig. 2
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The interface provides exact status information by generating a model of the
transformer and its working condition and then comparing the measured parameters
with the standard values.
The transformer monitoring system also tracks transformer alarms, recording
record
an
actual event as well as the sequence leading up to the alarm to assist operators in
determining the root cause. The benefits of monitoring are substantial. Transformer
monitoring can reduce the risk of catastrophic failures.
Furthermore, it has been shown that early detection of problems can reduce repair
costs by 75 percent and loss of revenue by 60 percent, and that annual cost savings
equal to 2 percent of the price of a new transformer – i.e., approximately $40,000 to
$80,000 – can be achieved [1].
[1
Transformer monitoring system receives all the relevant information from just a
few multipurpose sensors. Other necessary parameters are calculated, adding only
minimal complexity to the transformer. The end user is no longer forced to spend a
lot of time
ime sorting and interpreting data. In addition, the maintenance manager
receives important information indicating the necessary actions for first-level
first
maintenance [2].
The risks for a transformer operator include not only the technical risks but also
the economic consequences of a possible fault, for example the cost of non-delivered
non
energy. In Fig. 3 are shown four categories of costs related to the cost the transformer
lifetime: investment, maintenance, operational and consequential costs. Comparative
investment
nvestment scenarios and sensitivity studies can be run by varying the replacement
year or maintenance of the unit.
Availability

Maintenance

Life management
decision

Mechanical
El. insulation

Life costs

Technical
aspects

Non-technical
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Thermal

Environment
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Fig. 3
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4. TEMPERATURE MONITORING
The limits to rating of electrical equipment are generally set by the maximum
permissible temperature that the insulation can withstand. Indeed, the performance
testing of equipment, prior to leaving the manufacturer’s premises, is dominated by
the measurement of winding or embedded temperatures and the need to achieve
temperature rises within the expected margins. Therefore, temperature measurements
play an important role in monitoring of electrical equipment.
Temperature measurements can yield very valuable bulk indications of the
condition of electrical equipment using simple sensors and narrow bandwidth (<1Hz),
low-data-rate signals and, since temperature limits the rating of equipment, over
temperature is a valuable condition monitoring signal [3].
Temperature detection has repeatedly been shown to be an effective global
monitoring technique for high voltage equipment. Temperature measurement is
usually done in traditional and rather antiquated ways. Indeed, there are some simple
modifications, which could be made in existing practice, in order to extract more
meaningful information. These are primarily in the area of signal processing, an
example being the display of temperature changes (rises) to the operator, rather than
absolute readings of temperature. There are also advances in the application of
modern sensors, which will allow temperature measurements to be made closer to the
active parts of the equipment, and these could be better exploited.
5. CHEMICAL MONITORING
The insulating materials used in electrical equipment are complex organic
materials. When they degraded by heat or electrical action, a very large number of
chemical products in the gas, liquid and solid states is produced. Techniques to
provide early warning of the deterioration of high voltage equipment should include
measurement of these complex degradation products, where they can be accessed in
the equipment.
Dissolved gas-in-oil analysis, performed in accordance with IEC 60567, is by far
the most frequently requested diagnostics test and the single most important test
performed on transformer oils [4, 5].
As the insulating materials of an electrical apparatus, such as a transformer, break
down from excessive thermal or electrical stress, gaseous by products form. The
products are characteristic of the type of the incipient-fault condition, the materials
involved and the severity of the condition. It is the ability to detect such a variety of
problems that makes this test such a powerful tool for detecting incipient-fault
conditions. Dissolved gases are detectable in low concentrations (ppm level), which
usually permit early intervention before failure of the electrical apparatus occurs, and
allow for planned maintenance. Typical gases generated from mineral oil/cellulose
(paper and pressboard) insulated transformers include:
− Hydrogen, H2
− Oxygen, O2
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− Methane, CH4
− Ethane, C2H6
− Ethylene, C2H4
− Acetylene, C2H2
− Carbon Monoxide, CO
− Carbon Dioxide, CO2
− Nitrogen N2. [3]
6. MOISTURE OIL MONITORING
Moisture reduces the insulating properties of transformer oil and quickens the
ageing of the transformer. Traditionally, oil moisture readings are checked at periodic
intervals. However, moisture levels can change rapidly rendering periodic sampling
methods insufficient. To ensure timely and cost-efficient maintenance, a permanent
on-line monitoring system is needed.
To assess the moisture content of the solid insulation, the utility needs to make
some compromises to deal with the difficult, dynamic patterns of moisture migration
between the paper and oil. It is reasonable to focus on the thin winding insulation
paper and disregard the bulk insulation that contains most of the water. Since the
main concerns with moisture in paper are accelerated aging and the risk of bubbling,
whose detrimental effects are to be feared only in the winding insulation at high
temperatures, it is sufficient to limit the accurate assessment of moisture content to
the condition of high hot-spot temperatures. Taking advantage of this simplification,
the utility can apply online monitoring to identify quasi-steady, hot-spot temperatures
that allow for the assessment of moisture content in insulation paper at even the most
critical operating conditions [5].
7. PARTIAL DISCHARGE MONITORING
Partial Discharge phenomena are defined by IEC 60270 as localized dielectric
breakdowns of a small portion of a solid or liquid electrical insulation system under
high voltage (HV) stress. PD causes the insulation to progressively deteriorate and
can lead to electrical breakdown [6].
Therefore, the integrity of the insulation of HV equipment should be confirmed
using Partial Discharge Analysis (PDA) during its manufacturing, commissioning,
and throughout its life time. Most transformers are tested for PD activity during
normal factory acceptance tests. Typical levels of PD activity are shown in Table 1.
Table 1
Category
Defect Free
Normal deterioration
Developing Defects (irreversible damage to paper)
Breakdown of oil

PD level, [pC]
10 – 100 [pC]
< 500 [pC]
1,000 – 3,000 [pC]
10,000 – 100,000 [pC]
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8. CONCLUSION
There are many high voltage equipments that include transformers, arresters,
switchgears and so on. It is possible to measure the parameters then reflect their
characteristics according to different structural principles of the mention monitoring
methods. The benefits of the monitoring system are: prevention of fault consequences; improvement of personal and environment safety; detection of emerging faults
and easier fault cause analysis.
Acknowledgment
The present work is supported by the National Science Fund of Bulgarian
Ministry of Education and Science, Project DFNI E02/8
References:
[1] Th. Westman, P. Lorin, P. Ammann - Keeping aging transformers healthy for longer with
ABB Trafo Asset ManagementTM – Proactive Services, pp. 63-69, ABB review 1, 2010
[2] O. Uhlmann, ABB Transformer Service Engineering Solutions Portfolio Overview, 2009
[3] M. Taghikhani and A. Gholami - Estimation of Hottest Spot Temperature in Power Transformer Windings with NDOF and DOF Cooling, Computer Science & Engineering and
Electrical Engineering, Vol. 16, No. 2, pp. 163-170, Sharif University of Technology,
December 2009
[4] IEC 60567:2005, Oil-filled electrical equipment – Sampling of gases and of oil for analysis
of free and dissolved gases – Guidance
[5] L. Lewand - Using Dissolved Gas Analysis to Detect Active Faults in Oil-Insulated Electrical Equipment, http://www.machinerylubrication.com/Read/457/dissolved-gas-analysis,
2009.
[6] IEC 60270:2000 - High-voltage test techniques - Partial discharge measurements.

PARAMETERS AND METHODS OF IDENTIFYING THE CONDITION
OF POWER TRANSFORMERS
Nikolina Petkova
Department of Theoretical Electrical Engineering, Technical University of Sofia,
8 Kl. Ohridski blvd, 1000 Sofia, Bulgaria, tel. 00359 2 965 24 98,
e-mail: npetkova@tu-sofia.bg
Abstract: In this paper the main parameters and methods of identifying the condition of power
transformers are observed. The requirements of the most costs reduction in the electricity
market lead to increasing importance of the diagnosis for power transformer. The failure of the
transformer is usually caused by a long-term electrical supply interruption. The research has
shown that load tap changers, the windings, the insulation ageing and their parameters as oil
temperature, moisture and other are the key of transformer failure. The paper has in addition
one more purpose to investigate the methods for diagnostic its condition.
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1. THE MOST IMPORTANT PARAMETERS OF THE OIL IN POWER TRANSFORMERS
The power transformer is an electrical machine with two or more windings, which
by electromagnetic induction transforms a system of alternating voltage and current
into another system of voltage and current. For transmitting electrical power they
have different values and at the same frequency are kept. The power transformers
belong to the most expensive tools in electrical power networks. Consequently, it will
be good to observe the main parameters of power transformer and to investigate the
methods for diagnosis its condition. An outage affects the stability of the network,
and the associated financial penalties for the power utilities can be increased.
1.1. Oil Temperature
In a power transformer operation, part of the electrical energy is converted into a
heat. Although this part is quite small, compared to total electric power transferred
through a transformer, it causes a significant temperature rise in the transformer
constructive parts, which represents the limiting criteria for possible power transfer
through a transformer. That is why precise calculation of temperatures in critical
points (top oil and the hottest solid insulation spot) is of practical interest. Thermal
impact leads not only to long-term oil paper insulation degradation, it is also a
limiting factor for transformer operation. Therefore, knowledge of temperature,
especially hot-spot temperature, is of a great interest.
1.2. Oil Moisture
Water in oil appears as an unwanted substance, it is generally accepted that water
in microscopic amounts is the cause of more electrical breakdowns than any other
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impurity. Moisture constitutes a hazard not only to the insulating qualities of the oil
but also to the insulations that are immersed in the oil. The graph in Fig.1 shows the
temperature dependent relationship between moisture contents and moisture
saturation to allow conversion from one measure to the other.

Fig. 1

Water is a polar liquid having a high permittivity or dielectric constant, it is
therefore attracted to areas of strong electric fields. The internal moisture distributed
in the most dangerous parts of the system is concentrated. It is important to know that
the water may be present in four possible forms, they are:
• Free water – water that has settled out of the oil in a separate layer. It is this
water which is indicated by a low dielectric breakdown voltage.
• Emulsified water – water that is suspended and has not yet settled out into
free water. It is indicated by “caramel” colored oil. A high Power Factor
value indicates the possible presence of this suspended water trapped in oil
decay products.
• Water in solution – or dissolved in the oil.
• Chemically bound water – water which is chemically attached to the
insulating paper and which is released when oxidized.
The most harmful effect on the insulating oil has free water. The moisture
contents of the mineral oil is proportional to the relative degree of saturation of the oil
with moisture up to the saturation point. The saturation with dissolved in the oil
moisture Ws can be represented by the formula of Arrhenius:
 B
Ws = A exp  −  ,[ ppm]
 T

[1]

where: T is the absolute temperature;
A and B are coefficients identical to most mineral oils and marked a minor
variation depending on differences in the aromatic content.
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It has been proven that insulating paper with 2% moisture contents ages three
times faster than one with 1% moisture and thirty times faster with 3% moisture [1].
It is thus easy to see the importance of maintaining low moisture levels within a
transformer to ensure a long and trouble free service life.
1.3. Oil Gases
There are a couple of different types of transformers; those that have a gas blanket
above the oil and those that are completely oil filled. For those of them that have a
gas blanket one could analyze a sample of gas from the gas blanket. The electrical
faults usually occur beneath the surface of the oil and the gases that are produced
must saturate the oil and then collect in the gas blanket. These processes introduce a
time factor into the early detection of a fault that is undesirable. Gas blanket analysis
is not applicable to those transformers that are completely oil filled.
Dissolved gas analysis is the most used preventative maintenance technique in use
today to monitor the operation of transformers. Depending on the location of a
transformer and the nature of its usage, an appropriate dissolved gas analysis
schedule can be set up.
If a fault is detected in a transformer there are other tests that might be recommended that can help to locate the site of the fault within the unit. The more
information that can be obtained before repairing a unit, the less down time will be
required [7].
Working with laboratory personnel that are familiar with the various methods of
interpreting dissolved gas analysis in conjunction with other tests and the history of
the unit are essential to properly utilize this technique in a preventative maintenance
program.
2. METHODS OF IDENTIFYING THE POWER TRANSFORMER CONDITION
Partial discharges are the major cause of deterioration and breakdown of the
insulation in power equipment. A partial discharge is the dissipation of energy caused
by the buildup of localized electric field intensity. In high voltage devices such as
transformers, this buildup of charge and its release can be symptomatic of problems
associated with aging, such as floating components and insulation breakdown. The
insulation of the high voltage power transformers are gradually deteriorated due to
chemical, electrical and mechanical stresses caused by the partial discharges. This is
why partial discharge detection is used in power systems to monitor the state of
health of high voltage transformers.
2.1. Chemical Detection Method
Partial discharges can be detected chemically because the current streamer across
the void can break down the surrounding materials into different chemical
components. The two primary chemical tests employed by power companies today
are Dissolved Gas Analysis (DGA) and High Performance Liquid Chromatography
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(HPLC). The DGA test identifies gas levels in the oil produced by the breakdown of
mineral oil in the transformer into different gases, which dissolve back into the oil.
The test is administered by taking an oil sample from the tank and determining the
levels of different dissolved gases, which include acetylene, methane, hydrogen,
carbon dioxide, and ethylene [2, 3]. This test indicates the presence of partial
discharges as well as provides additional diagnostic information because different
levels of each of the gases can be correlated to a specific type of fault. Although this
test is widely used and based on the Duval Triangle, that is shown in Fig.2. There is
some debate as to whether or not the levels of dissolved gas really correlate to a
specific type of fault. Some experts argue that the rate of increase of these gases is
more important than the absolute measure of their concentration [5].

Fig. 2

Chemical testing has some limitations that prevent it from being the only method
used for partial discharge detection. First, chemical testing does not provide any
information about the position of the partial discharge or the extent of the insulation
damage. The second problem is that chemical testing cannot be performed online. In
most cases, the transformers must be taken out of operation to be analyzed and results
can take a long time to obtain.
2.2. Electrical Detection Method
Electrical detection focuses on capturing the electrical pulse created by the current
streamer in the volume. These pulses last on the order of single nanoseconds and
have measurable frequency components in excess of 1 MHz [1]. The pulse shape, its
relative phase location within the alternative current cycle, and the signal intensity all
lead to information about the type of partial discharge fault. Electrical measurements
are grouped into two categories: direct probing and radio frequency emission testing.
The direct probing method requires that capacitive couplers be connected to the phase
terminals of the transformer. The second group, radio frequency emission testing, is
conducted by using antennas in the area of the transformer. Both methods require a
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time domain recording device, such as a data storage oscilloscope, to capture the
partial discharge signal.
Like chemical detection, electrical detection has limitations. The primary limitation of electrical testing is its susceptibility to noise. In some cases, it is impossible
to recognize noise from partial discharge. Another problem with electrical detection
is that the received pulse characteristics are highly dependent on the geometry of the
power transformer. Different components within the transformer can distort the pulse
shape needed to characterize the type of partial discharge fault and can again result in
erroneous detection [4].
2.3. Acoustic Detection Method
Acoustic detection, like electrical detection, focuses on the acquisition and
recording of a signal generated by a partial discharge. This signal is created because
when the current streamer is formed within the void, the material around the hot
streamer is vaporized. This vaporization causes an explosion of mechanical energy,
which then propagates through the transformer tank in the form of a pressure field
[6,8]. This phenomenon is analogous to the formation of thunder after a lightning
strike.
Acoustic detection is popular as well as gas insulated substations. Systems
employing this method can be divided into two categories: external systems and
internal systems. External acoustic detection systems, which are currently more
widely utilized in power systems, employ sensors mounted to the outside of the
transformer tank to detect the partial discharge acoustic signal. Conversely, internal
systems use sensors placed inside the transformer tank to directly measure the
pressure wave in the mineral oil.
The primary advantage of using acoustic detection over chemical and electrical
methods is that information about position and it’s readily available from acoustic
systems using sensors at multiple locations. This information about position can help
to identify the type of an insulation fault.
Mechanical vibrations in the transformer core are the primary source of acoustic
noise, but the frequency content of these vibrations are sufficiently lower than the
partial discharge acoustic signal.
Acoustic detection also has its limitations. The primary problem with acoustic
detection is the complex nature of the acoustic wave propagation. Because power
transformers are not homogeneous devices, the waves do not travel in perfect wave
forms. The wave form suffers from reflection off of objects within the tank, which
can lead to multipath noise and diminished signal strength, and is also perturbed by
dispersion and absorption in the mineral oil.
3. CONCLUSION
Dielectric breakdowns in power transformers are most frequently proceed by
partial discharges. Possible causes include insulation damage caused by over voltage
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and lighting strikes, incipient weakness caused by manufacturing defects or just
natural aging processes. Consequently, the main parameters of power transformer oil
have to be tracked and the appropriate method for diagnostic of power transformer
condition has to be chosen. Depending on the location of the partial discharge and the
coupling path between the event and the detector, the chemical, electrical or acoustic
method can be used to detect the faults.
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1. INTRODUCTION – THE SERVICE ORIENTED ARCHITECTURE
The Service Oriented Architecture (SOA) is probably the most important
technology initiative facing business today. SOA is more than a new direction of
technology development in the software industry. It represents a dramatic change in
the relationships between business and IT. SOA helps business and IT to unify goals
and bridge the gaps between their very separate worlds by establishing a common
language and creating a more flexible infrastructure to support changes.
SOA is architecture for building business applications as a set of loosely-coupled
black box components orchestrated to deliver a well-defined level of service by
linking together business processes [1]. In other words, Service Oriented Architecture
(SOA) is an architectural style that enables the assembly of systems from distributed,
federated resources.
Service is a complex and dynamic collaboration between provider and customer.
Therefore, companies need to continually optimize the interactions of all the
components that make up the service to ensure that changing business objectives are
met, and they need to improve both the customer interaction and relationship over
time [2].
The world of service management has two sides: the customer experience and the
set of behind-the-scenes services that support the customer. True success in service
management means that the customers’ expectations are met or exceeded. However,
the behind-the-scenes activity is a complex business process. While the service
requires active collaboration between the customer and the service provider, the
customer isn’t required to understand the complexities of service management that
occur behind the scenes. The customer must perform activities according to agreedon rules and terms, and the provider must perform activities according to the same set
of rules and terms, but the customer isn’t required to understand the complexities of
the entire service management system that makes it all work.
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Managing services involves making sure that all the moving parts work together
as a system. The provider needs to establish checks and balances for customer goals,
financial goals, and marketing goals. Therefore, service management must be
understood based on many dimensions, ranging from customer experience metrics
and business performance
ormance indicators to how individual components operate and
interrelate.
The basic approach of the SOA to description of the service is shown in Fig. 1.

Fig. 1. Description of the service

2. SERVICE SPECIFICATION REFERENCE FRAMEWORK
According to the works of the CBDI Forum [3], the core of successful service
specification is actually getting a sensible reference model that allows everyone to
understand what they are doing. The elements of such Reference Model include:
•

a meta-model,
model, which defines the rules for building a model of a business or
software. The meta-model
model for service specification is vital because it assists
architects to define the meta-data
meta data that needs to be collected in the
specification, and establish consistent terminology;

•

logical architecture, which describes the application/logical layer of the model
and the relationship between service components and technological
architecture;

•

life cycles, which define the various life cycle states a service specification
will pass through, and to map the specific content required and the policies
that apply at each state;

•

classification systems, which will allow specialization of the service specifispecifi
cation approach, establishing different types of service;

•

patterns that may be applied to
to improve productivity and consistency.
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Some of the key service specification elements should be defined in the Reference
Model:
• a Service Automation Unit, which provides one or more Service Interfaces.
The Service Interface can be understood as providing one or more Service
Operations;
•

a Service as capability of the ability to do something, which is required by a
Service Consumer;

•

the capabilities of the Service are accessed via a Service Interface;

•

the Service Operations provide individual Behaviour – abstractions of a single
‘ability’ provided by the Service.

The Service Automation Unit (SAU) is a collection of one or more software
module or other artefacts that automates or ‘provides’ the capabilities offered by a
Service. The separation of Service from the SAU is essential to delivering the ‘loose
coupling’ promise of SOA. Service Consumers and Providers contract to the
capability provided by the Service, not a specific software implementation of that
capability as this may change over time.
The Service and Operation Specifications provide the Service Consumer’s view
of the Service. The Service Consumer should only be interested in the ‘external’ view
of the Service – what it does, and how it is used – and not the ‘internal’ view – how it
is implemented. Whereas the Service Provider’s view also includes the SAU
Specification, this detail of the Service is implemented. The obligation of the
developer therefore is to provide an implementation that conforms to both the Service
Specification and the SAU Specification.
3. SERVICE ARCHITECTURE META-MODEL FOR SOA
The Business Services Architecture is a schema which identifies the software
services and automation units and where these are deployed across a computing
network – for an enterprise or some wider or lesser scope. It is a major part of any
Service Portfolio Plan – the others parts being Policies and Schedules.
Usually the meta-model is recorded as a Unified Modelling Language (UML)
class model, consisting of Meta Classes, their Relationships (Generalizations and
Associations) and Attributes. Although this is a single model, it would be difficult to
comprehend if presented as a single diagram. That’s why the model can be
represented as eight separate Class diagrams. These diagrams overlap, and they each
represent different views of one integral model.
The Business Modelling view relates service specifications to the elements of the
business model that they support.
The Specification View of the Business Services Architecture is that its part,
which concentrates on services and dependencies, independently from service
implementation or deployment.
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The Implementation View of the Business Services Architecture is that its part,
which concentrates the “automation units” which implement the services,
services
independently from service deployment and runtime.

Fig. 2. Integral model

The Deployment View of the Business Services Architecture is that its part,
which assigns the automation units, or sub-parts
sub parts of these automation units, to nodes
of the technical architecture. An automation unit might be deployed multiple times.
The Service Specification Detail View covers all the concepts needed in a rich
service specification. This specification, coupled with the Service Level Agreement,
should supply all the information
formation that the consuming organization needs to know.
And finally, the Service Planning and Provisioning Policy View models the
policies that management needs to define, to direct the service planning (architecting)
and service provisioning (delivery) efforts.
e
4. SERVICE MANAGEMENT
The Service Management is the management of service(s) to ensure that it meets
the critical outcomes the customer values and the stakeholders want to provide. The
execution of a service is the process of performing the task, while
w
service
management is the process of making sure it’s performed according to expectations.
The Service Management Systems monitor the service fulfilment in order to
prevent this service from failing and impacting the service expectations of the
customer.
er. A system is rarely made up of technology only. In fact, a typical system is
made up of people, processes, technologies, and information. In addition to the
Service Management System, service providers need good governance to minimize
performance declines
es during periods of change and innovation.
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In order to keep the customer satisfied, the providers need to meet the service
goals that reflect customer expectations, but also, they should meet key service
performance indicators that ensure goals are being met in a viable and sustainable
way (such as legally and affordably). The figure 3 illustrates this.

Fig. 3. Service diagram

In order to achieve this overall goal, measure both performance and desired
outcomes. Customers’ expectations can be measured through
through customer feedback
surveys and by monitoring customer responses to changes in price or other factors
impacting the delivery of services. The measure enhances activities for factors such
as cost, duration, human effort, and quality. Also measure progress
progre toward the
outcomes that both the customer and the stakeholders had in mind when the service
was established, remembering that those expectations will have evolved — perhaps
quite radically — since the inception.
Many international, national, local, and industry-specific
specific professional associations
provide forums for managers to gather and discuss the lessons learned and best
practices to help the implementation of Service Management Systems.
Standardization of basic service management processes offers service
ser
providers
an equivalently efficient platform to build on. As far as standards go, the International
Standards Organization has developed a specific standard for IT service management
called ISO/IEC 20000. This offers a core standard against which organizations
orga
can be
formally certified as complying with what the industry has agreed is sensible core
service management practice. It also offers guidance based on that core product.
Other standard also relevant to getting service management right is ISO/IEC 38500
on IT governance.
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5. CONCLUSIONS
The evolution of the concept of services in the framework of so-called Service
Oriented Architecture led to the positioning of the term "service" as a fundamental
concept both in modern information technology, and the modern control theory. This
finds its expression in the creation and consolidation of cloud technologies at the
heart of which stands the development of this same concept interpreted as "software
as a service (SaaS)", “infrastructure as a service (IaaS)”, “platform as a service
(PaaS)”, “security as a service (SeaS)”, “information technology management as a
service (ITMaaS)”, etc.
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1. INTRODUCTION
Cloud computing, although not a new technology, is a new paradigm for
obtaining computing resources and services. In a cloud computing model, the
resources, such as storage and processing power, as well as services including
software platforms and applications, are dynamically accessed through (most often,
public) networks.
The recent draft definition from NIST is perhaps the most comprehensive attempt
at outlining the key characteristics of the cloud computing paradigm:
“Cloud computing is a model for enabling convenient, on-demand network access
to a shared pool of configurable computing resources (eg, networks, servers, storage,
applications, and services) that can be rapidly provisioned and released with minimal
management effort or service provider interaction”.
Cloud computing is an on-demand service model for IT provision, often based on
virtualization and distributed computing technologies (figure 1).
The cloud obscures the location of the asset; the only thing the user is concerned
with is that the expected asset exists and it works. The essential two characteristics of
a cloud environment are that:
•

the asset is set up, deployed, or engaged instantly or near-instantly over a
network (usually the Internet/Web) without binding to specific physical
compute resources, and

•

the capacity of the application (supported number of concurrent users,
transactions per unit time, amount of storage, etc.) is adjusted automatically as
demand fluctuates so that manual sizing and provisioning are eliminated both
up-front and over time.
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Cloud computing architectures have:
•
•
•
•

highly abstracted resources;
near instant scalability and flexibility;
near instantaneous provisioning;
shared resources (hardware, database, memory, etc);

Fig. 1. Service model

•
•

“service on demand”, usually with a “pay as you go” billing system;
programmatic management (e.g., through WS API), etc.

Many governments are interested in the possibility of using cloud computing to
reduce IT costs and increase capabilities
capabilities [1]. For example, the US Government
General Services Administration now offers a portal for cloud computing services
[2]. Governments too have serious hurdles to overcome – in terms of public perceppercep
tion of the secure processing of citizens’ personal information
information in cloud computing
infrastructures. On top of this, there are also legal and regulatory obstacles which
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prevent many e-Government applications from moving to cloud. Nevertheless, the
large (primarily economic) benefits of cloud computing forced government
(especially in times of crisis) to seek to orient essential part of their activities to it.
The cloud’s attributes of scale and flexibility are both a friend and a foe from a
security point of view. The massive concentrations of resources and data present are
more attractive target to attackers, but cloud-based defences can be more robust,
scalable and cost-effective.
2. THE MAIN SECURITY BENEFITS OF CLOUD COMPUTING
The first group of benefits are related to the scalability: all kinds of security
measures are cheaper when implemented on a larger scale. This includes all kinds of
defensive measures such as filtering, patch management, hardening of virtual
machine instances and hyper-visors, etc. Other benefits of scale include: multiple
locations, edge networks (content delivered or processed closer to its destination),
timeliness of response to incidents, threat management, etc.
Other benefits are related to the ability of large cloud providers to offer a
standardised, open interface to managed security services providers. This creates a
more open and readily available market for security services. It is necessary to
mention also the ability of the cloud providers to dynamically reallocate resources for
filtering, traffic shaping, authentication, encryption, etc, which has obvious
advantages for resilience regarding defensive measures (e.g., against DDoS attacks).
Furthermore, it should be noted that cloud computing (when using virtualisation)
can provide dedicated, pay-per-use forensic images of virtual machines which are
accessible without taking infrastructure off-line, leading to less down-time for
forensic analysis. It can also provide more cost-effective storage for logs allowing
more comprehensive logging without compromising performance.
3. THE MAIN SECURITY RISKS OF CLOUD COMPUTING
The first risk is related to the loss of governance - in using cloud infrastructures,
the client necessarily cedes control to the cloud provider on a number of issues which
may affect security. At the same time, the Service Layer Agreement may not offer a
commitment to provide such services on the part of the cloud provider, thus leaving a
gap in security defences.
The risk of isolation failure covers the failure of mechanisms separating storage,
memory, routing and even reputation between different tenants (e.g., so-called guesthopping attacks). However it should be considered that attacks on resource isolation
mechanisms (e.g., against hypervisors) are still less numerous and much more
difficult for an attacker to put in practice compared to attacks on traditional
operational systems.
The investment in achieving certification (e.g., industry standard or regulatory
requirements) may be put at risk by migration to the cloud if:

138
•
•

15.09.16 – 16.09.16, Sofia, Bulgaria

the cloud provider cannot provide evidence of their own compliance with the
relevant requirements;
the cloud provider does not permit audit by the cloud customer.

The cloud computing poses several data protection risks for cloud customers and
providers. In some cases, it may be difficult for the cloud customer (in its role as data
controller) to effectively check the data handling practices of the cloud provider and
thus to be sure that the data is handled in a lawful way. This problem is exacerbated
in cases of multiple transfers of data, e.g., between federated clouds. On the other
hand, some cloud providers do provide information on their data handling practices.
Some also offer certification summaries on their data processing and data security
activities and the data controls they have in place.
It is necessary to note that it is often possible for the cloud customer to transfer
risk to the cloud provider; however not all risks can be transferred - if a risk leads to
the failure of a business, serious damage to reputation or legal implications, it is hard
or impossible for any other party to compensate for this damage.
4. RECOMMENDATIONS AND AREAS FOR FURTHER RESEARCH
Naturally, when we operate with such new technology and face the lack of
practical experience, the questions are much more than answers. Here we tried to
indicate answers given in some studies in the U.S. and Europe.
4.1. Some of the challenges to trust present in today’s solutions will be transferred
to the cloud environment. First of all, establishing a clear chain of trust from the
client application to the server application - the hardware-software chain of trust
needs to be adapted to the cloud environment and provide the capability for remote
attestation to allow verification by the clients. At the same time the model needs to
allow for performing the equivalent of client safety checks from the cloud rather than
through the enterprise network access control. In the future, the trust model needs to
be extended to the data, in order to allow it to carry and enforce its access control
policy wherever it resides.
Secondly, the defence-in-depth practices employed in protecting data need to be
scaled and adapted to protect cloud services. This includes evaluating the current
network segmentation models, as well as active and passive controls including
intrusion and extrusion detection and anomaly detection. User access control and
traffic security mechanisms need to be adapted to work effectively in the cloud
environment also.
4.2. The new challenges posed to the data protection in the cloud environment
include:
• data life-cycle management, i.e. mechanisms to securely create, process, and
destroy data residing in the cloud;
•

ensuring integrity of the cloud-based data, including cases when it has to be
restored from backups;
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•

effective models for managing and enforcing data access policies, regardless
of whether the data is stored in the cloud or cached locally on client devices;

•

encrypted data storage that allows cloud-based processing capabilities,
including search and indexing.

4.3. In addition to the technical issues involved in data protection, policy and law
enforcement challenges can also benefit from research efforts. Cloud computing
models can benefit greatly from the harmonization of data protection, retention, and
privacy regulations internationally. This will create an environment in which cloud
computing customers will be able to effectively conduct their business globally and
obtain their computing services in the most effective and economical fashion.
4.4. The cloud computing paradigm shift creates new challenges in evaluating the
levels of assurance offered and certification standards. Research and industry
collaboration is needed to develop guidelines and standards that will allow
meaningful and unambiguous evaluation and certification of the assurance of cloudbased services. Standards and methods equivalent to the ISO270XX series are
required. At the same time, uniform governance models and best practices will make
evaluation and certification easier.
4.5. In cloud computing, even though many interfaces have been standardized at
the software level, which has led to cross-platform interoperability, there has not been
any significant standardization activity that has led to proprietary application
programming interfaces. This makes it difficult for a customer to move from one
cloud computing provider to another and is one of the reasons why many
organizations are reluctant to move their services and data to the cloud. Making
service and data migration easier, the cloud providers would allow easier migration
between the traditional data centre model and the cloud and between different cloud
providers.
5. CONCLUSIONS
The path to secure cloud computing is surely a long one, requiring the
participation of a broad set of stakeholders on a global basis. However, we should
recognize the progress we are seeing: new cloud security solutions are regularly
appearing, enterprises are using new guidance to engage with cloud providers, and a
healthy public dialogue over compliance and trust issues has erupted around the
world. The most important victory achieved is that security professionals are
vigorously engaged in securing the future, rather than simply protecting the present.
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1. INTRODUCTION
The idea of such system for RFID or NFC in combination can be used in different
instances, such as identification in an academic institution, packing, travelling,
ordering products etc. In our case the system must be able to identify a student or a
lecturer or another employee in an academic institution. This system must be stable,
low consuming energy and possible to be renewed part by part. The contactless
identification has grown up extremely for the last several years and it is easier and
cheaper to be implemented in our days [1]. The number of universities involved in
this manner of identification is growing every year all over the world. Those
academic institutions which are using such system need some improvements because
they have experienced the positives of it and have to build a stronger and more stable
system with the actual hardware possibilities of the techniques and technologies.
Other technologies used for identification are: barcode system; optical character
recognition; biometric data; fingerprints procedures; voice identification etc. All the
mentioned above technologies are not so cheap as radio frequency identification and
near to field communication with the exception of the barcode system. Every technics
including in its name “bio” still has a high praise compared to the others in our days.
2. DECISION MAKING
The decision making is based on our knowledge of the above mentioned systems
and the need of such improvements in the techniques in companies as academic
institutions which are using radio frequency identification for years. The newer
technology is called near to field communication which gives more secure
communication between the identifying card and the card reader. The comparison
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between the both technologies is not only the security but the type of the tag and the
working frequency of data transfer. RFID is available as a passive tag (no own source of
energy for reading and writing data- it use the magnetic energy of the reader to supply
the tag) and active tag (with own source of energy for reading and writing data – no need
of external supply). NFC works with active tags and needs shorter distance of
communication between the tag and the reader. The frequencies on which the tags are
working are different. This helps to not hamper or influence each other and this leads to
the idea of combining the both technologies in one system for the mentioned purposes.
2.1. Decision for communication D2D
Since no network is available and ready to be used for the communication needs,
it is necessary to build a network for this purpose. The possibilities are only two: a
wired network or a radio frequency (wireless) network. The wired grid requires some
change in the environment as wiring in rooms, corridors and walls. This is not
suitable in already built buildings because of the need to put not only cables, but
cable channels and this make worse the interior. Therefore the wireless network is the
only logical choice [2]. Since the spots with internet are only on some places in the
buildings, there is a need to make the network in a mesh type, and thus providing
connection to all end points to the internet medium, even if only one is having actual
internet access.
2.2. Connection to personal computer and power supply
Since the need to connect to a personal computer (PC) a protocol is needed.
Power supply is also needed so in order to avoid more expenses a common data and
power interface are planned to be used. A universal serial bus (USB) matches the best
of the description above and its popularity makes the power supplies more adapted
for USB technology and properties and more suitable to the cables by such standard,
much cheaper than any other alternatives. That’s why the interface of the device can
be a single USB, for power supply and data transfer.
2.3. RFID reader requirements
The RFID reader is the modul which is reading and understanding the data from
the RFID tag. The reader needs to be ready to read RFID tags on 125 kHz and to be
possible to add an NFC reader working on frequency of 13 MHz. Here the lower cost
is apriority, so a basic 125 kHz reader is to be made with analog circuit combining
the capabilities of the MCU and minimal price extra components. RFID antenna is to
be optimized by price (PCB or external type, depending on concrete offers from the
PCB providers, and coils providers).
2.4. MCU specification
USB technology is chosen for power supply and data transfer; radio hardware is
required, ADC and PWM is needed. MCU family chosen is SAMR21EXX [3] series
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from ATMEL company, providing CORTEX-M0
CORTEX M0 core technics with 2.45 GHz radio
frequency with the interfacee consisting of USB, ADC, PWM and other. There is also
available a software package for this MCU including drivers for all peripherals, also
transport layer and management module for USB and ZigBee network protocols.
3. SOFTWARE ARCHITECTURE
The chosen architecture
hitecture for this system is a four layer type consisting of driver
layer, transport layer, management layer and application layer. The architecture is
shown on Fig. 1. The driver layer is made in order to abstract the hardware registers
and make a readablee controls over the hardware.. The transport layer is used to
validate and transfer the data from the upper layer to the driver. This layer is
dependent on the driver layer. The management layer is needed when multiple
applications are going to use one and the same hardware. This
his is mandatory to have
when using communication hardware like USB and radio communication.
communication

Fig. 1. Block diagram of the software architecture

The components in blue on Fig. 1 are provided by the MCU manufacturer, the one
in yellow will be developed separately.
The RFID reader component in the management layer is made to control the
PWM and ADC driver which are to bee used for RFID measurement. Its
It main goal is
to provide interface
ace to the application consisting of several simple operations (start
reading, read card ID buffer). The component is expected to run on event based
approach (when a card is detected, the component makes the reading process, and
then raises an event to the application).
The application has the purpose to receive RFID data from the reader component
and send it through the closest network connection to the internet. The application is
expected to define the shortest path based on PC detection from USB and network
net
search query (a message to the whole network expecting response in ID of the
available connected nodes and the jumps needed to reach them, along with
connection reliability (based on connection strength)). The secondary function of the
application is to receive data from the radio transfer and transmit it to the PC through
USB connection;; this function is available only when the PC connection is present.
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4. HARDWARE ARCHITECTURE
The hardware modules are kept to the minimum as they increase cost (Fig. 2). The
minimal component list reached is:
 USB connector and filter;
filter
 Power supply from 5 V to 3.3 V (needed since the MCU is running on 3.3
3 V);
 MCU, chosen the one with the highest integration and most modules that can
replace external ones (for example: analog
alog comparators, USB module and RF
antenna drivers);
 Antenna for ZigBee network connection and needed passives for it to run;
run
 RFID reader, focused on using the MCU as much as possible and lowering
the external components.
components

Fig. 2. Block diagram of the hardware architecture

5. CONCLUSIONS
The presented system can be used in various companies and institutions. The
software and hardware are applicable even for identifying systems in academic
institutions which is the aim of this elaboration.
This approach has several advantages as: low
low price for manufacture;
manufacture minimal
dependence on infrastructure for information transport;
transport single
ingle device design,
simplifying integration and installation.
install
Even that sort of good works of the team,
there are some disadvantages
tages as: requires
requires planning of mesh network, otherwise
bottlenecks can occur; depends
epends on its environment for protection (jamming, physical
damage, power failure and other);
other) dependents on PC’ss being powered ON (a powered
down PC will not be able to make the needed connection).
Nevertheless the mentioned above disadvantages, the suggested system is
applicable and is going to be built for experiments and demonstrations.
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INVESTIGATION OF THE MAGNETIC FIELD IN THE VICINITY
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Abstract: The distribution of the magnetic field in the vicinity of cable power line for medium
voltage-20kV is investigated. FEM model is created. Simulations of normal and short circuit
emergency mode of the cable line are made. The magnetic intensity at short circuit mode in
some areas, close to cable power line, creates a high level for humans. It can create also disturbances in the sensitive electronic devices, located in vicinity of cable line. These disturbances violate electromagnetic compatibility. The magnetic induction at emergency mode in the
areas upper the cables could give a disturbing reaction of humans and animals.
Keywords: magnetic field, cable line, medium voltage, electromagnetic compatibility, FEM, simulation

1. INTRODUCTION
The surrounding area of the medium voltage (MV) power cable line-20 kV is
considered. These lines are used in the power distribution system in urban areas.
The goal of the present papers is modelling and investigation of magnetic field in
close area of a medium voltage power line, situated near residential buildings and
sidewalks.
The investigated power cables are type XLPE for distribution of electric power at
nominal voltages 20 kV and frequency 50 Hz.
The execution of cable lines for medium voltage is under regulation 3 [9]. The
location of the cables from the 2 lines (2 triples), with separate line for each phase
[10], is shown in Fig. 1. The second three-phase line is a reserve.
Investigations are carried out on normal and emergency mode - short circuit.
The wires of medium-voltage cable line are considered as sources of the magnetic
field, created by current with current density  [1, 2]. An approach, which is based on
the finite-element method (FEM) solution of the Maxwell's equations, to obtain the
electromagnetic field vectors is used [3].
2. ANALYSIS OF THE MAGNETIC FIELD
 is determined by Maxwell’s equation
The magnetic field intensity 
 = 
 

(1)

A magnetic vector potential  , introduced with magnetic flux density , is used
 =  ,

(2)
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The magnetic vector potential  satisfied the Coulomb calibration
 = 0

(3)

Fig. 1. Geometric model of cable line for MV


Relation between the magnetic flux density  and the magnetic field intensity 
is determined by properties of the medium

 =  

(4)

The magnetic property (magnetic permeability) of the air, of the ground, of the
insulation, of the Al core, and copper screen is  =  =  = 1 ,  =  .
Equation (1) to Poisson equation is reached
∇  = − 

(5)

3. NUMERICAL SOLUTION
Poisson’s equation is solved numerically using the finite element method. The
magnetic vector potential is determined by the expression


 =  !" #

$%

,

(6)

where  is matrix of shape functions of elements and $ is magnetic vector potential in the nodes of the finite element.
The investigated problem of magnetic field distribution around of the MV power
cable line is considered as two-dimensional problems, in plane xOy. The magnetic
field source – current density  is directed in the direction of the power line and
doesn’t changes along the axis Oz.
The magnetic field is considered in a plane perpendicular to the direction of the
power line. The module of magnetic flux density is determined by the expression
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=&




+


,

(7)

where  and  are components on the x and y axes, respectively.
Magnetic vector potential  = 0 is given on the border of the investigated area
of the space, where it is assumed that he has zero values.
The finite element software package [4] is used. For the numerical solution finite
element type-vector quad 8 nodes and 2D magnetic solid with deformed fine mesh is
used. The studied system – cable power line of the three phase system is included in
the electromagnetic model. The electrical cable is modelled according the dimension
and characteristic, indicated by the manufacturer [5]. The phase conductors’ crosssection is 240** .
The power cable line is with single cables, located horizontally to a depth of 0.70
m underground.
The analysis in normal and short circuit mode is performed under steady and
perfectly balanced state. Hence, the phase conductors are assumed to be carrying
current of 460 A and subjected to line-to-line voltages of 20 kV.
4. RESULTS
The level of magnetic field intensity and magnetic flux density around the
medium-voltage power cable line depends on the operating mode and of the current
density in the conductors. The simulations were performed at two modes - on normal
operating mode and emergency mode - short circuits.
Short circuit is in a three-phase power load (one of the transformer substations).
Initially, the normal mode of the cable power line is considered. In this case the
phase conductors are assumed to be carrying current smaller of 460 A.
The magnetic field in upper area of power line is considered. The picture of the of
magnetic flux density module in the plane across of the power line conductor, in
case of normal mode with current of 150A, is shown in Fig. 2.
The values of the magnetic flux density are safe on the level 0.6 meters above the
earth. In this case requirements for the magnetic flux density level [6, 7], for normal
mode of the overhead power line, are satisfied. At a distance of 1.5 m from route of
the power line, to the height of person (1.8 m), the magnetic flux density is 0.61 µT.
The buildings, located near the power MV cable bend the magnetic field (in left
side on Fig. 2). Often, the power cables are placed on one side of the sidewalk of city
streets near buildings.
The magnetic flux lines are not strictly homogeneous. They are shown in Fig. 3.
In many cases of the study of the magnetic field determining factor is the
magnetic intensity. The greatest interest is the distribution of the magnetic field in the
places, located near to the cable line in the upper half-plane. The distribution of the
magnetic intensity on x-axis  (horizontal component) in the street in normal mode
to the height of person (1.8m) is shown in Fig. 4.
At a vertical distance of 2 m from route of the power line, to the height of person
head (1.8 m) magnetic flux density is decreased considerably.
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All dimensions of the magnetic field values and the geometrical dimensions in the
figures are in SI unit.
Y

v

X

Fig. 2. Distribution of the magnetic flux density module B in normal mode

Y

X
Fig. 3. Magnetic flux line in normal mode

Y

X

Fig. 4. Distribution of the magnetic intensity  on x-axis in normal mode
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Next, the emergency mode of the cable power line is considered. The phase
conductors are assumed to be carrying current smaller of 2000 A for 3 seconds.
The picture of the distribution of the magnetic flux density vector (vector field) in
the vicinity (in the upper half-plane) of the power line in short circuit emergency
mode with current of 1500A is shown in Fig. 5.

Y

X

Fig. 5. Distribution of the magnetic flux density vector

in emergency mode

In case of emergency mode, the greatest interest is the distribution of the vertical
component of the magnetic field. The distribution of the magnetic field intensity 
on y-axis (vertical component) on the street (in the upper half-plane) in emergency
mode is shown in Fig. 6.
Y

X

Fig. 6. Distribution of the magnetic intensity on x-axis  in emergency mode

The areas, where the intensity of the magnetic field has high values, are located at
a height greater than 1.8 meters (the left side in Fig. 6). Sufficient distance from the
cable in the zone of buildings is at a height greater than 3 meters.
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5. DISCUSSION
Till now has no universally accepted theoretical explanation for the biological
action of magnetic fields. No an established mechanism of bio-system field
interaction. There is no commonly guidance what attributes of the field might be
biologically important – electric or magnetic [8].
The magnetic fields may influence the natural electric currents in the human
body. They generate currents in the body, which eventually can lead to health for
excitation of muscle and nerve cells and at high current densities. But there are
epidemiological studies that found a statistical link between weak magnetic fields
below the limit values [7] and a slightly increased risk of childhood leukemia. The
causes for the emergence of this disease are still not entirely clear. The causal
relationship to magnetic fields has not been established. Even in certain occupational
groups that are regularly exposed to relatively strong magnetic fields, there is
evidence from studies that could play a role in diseases of the nervous system such as
Alzheimer's. Here, no mechanism has been found to date also [8].
Magnetic field are encountered not only on the studied predominantly sinusoidal
cases with main frequency at 50 or 60 Hz in normal modes, but and on extraordinary
cases such as short circuits. These magnetic fields present complex multi-frequency
patterns variable in time and space. The study of these random events is difficult and
it is possible to investigate just by simulations.
6. CONCLUSION
The distribution of the magnetic field in the vicinity of cable power line for
medium voltage - 20 kV in the sidewalk of city streets are determined. Simulations of
normal operating mode and emergency short circuit mode of the power line are made.
The magnetic intensity at normal mode in some areas, very close to cable power
line, creates for long time a little higher level. These disturbances violate electromagnetic compatibility. The safety levels for humans can be at distance of meter or
few meters.
The magnetic flux density at emergency mode on street in close areas around the
power cable lines could give a disturbing reaction of humans, animals and sensitive
electronic devices according to standards.
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AUTOMATIC CALCULATION OF THE PARAMETERS OF LINEAR
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OF EXPERIMENTAL DATA – PART 1
Simona Petrakieva1, Borislav Boychev2
1

Department of Theoretical Electrical Engineering, 2Department of Electric Supply,
Electric Equipment and Electric Transport
Technical University of Sofia, 8, Kl. Ohridski, Blvd., 1797, Sofia, Bulgaria
1
e-mail: petrakievas-te@tu-sofia.bg, 2e-mail: bojchev@tu-sofia.bg

Abstract: A large, complex electric circuits can be divided into subcircuits for the purpose of analysis and design. The subcircuits are modelled as two-port networks interconnected to form the
original network. The two-port networks may be considered as building blocks that can be
interconnected to form a complex network. The interconnection can be in series, in parallel, or
in cascade.
This paper proposed an automatic calculation by Excel the parameters of linear passive two
two-port networks.
The transmission parameters, called also the A-matrix or A-system, are obtained using experimental data, and they are employed as a mathematical model. The suggested solution will
help students in visualizing the results of measurements and calculations. It will also be in use
in preparering and defending their laboratory assignments.
Keywords: linear passive two-port networks, А-system equations, complex input impedances in
open- and short-circuits, serial, parallel and cascade connections

1. INTRODUCTION
Sometimes electric circuits’ analysis is relatively difficult if the circuit is considered as a unique scheme. At times this consideration can facilitate (as to the circuit
structure and the active and passive elements in it) as it “divides” as one-port and
two-port elements, which behavior is well-known
i (t)
i (t)
1
2
or it can be easily determined, and then the final
Linear
local result unifies and gets the complete idea,
passive
reflecting the circuit behavior.
u (t)
u (t)
two-port
Two-port network is a network with two
network
pairs of terminals - 1 – 1’ (“input terminals”) and
1'
2'
2 – 2’ (“output terminals”), and no external conFig. 1
nection between them (Fig. 1) [1]. If the elements
in two-port network are only passive, then the
latter is called passive. Otherwise, it is called active. If the two-port network is
composed of linear elements, possibly including dependent sources, but not
containing any independent sources, it is called linear network.
1

1

2

2

Note: In this paper only linear passive two-port networks will be considered.
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The paper is organized as follows. In Section 2 are given formulae for analytic
determination of complex input impedances in open circuits (Z10 and Z20) and in short
circuit (Z1k), as well as complex transmission coefficients А, B, C and D in А-system
of equations of two–port networks based on the experimental data (current, voltage
and active power). In Section 3 three procedures for their automatic calculations, are
suggested. They are realized by Excel. The applicability of proposed procedures is
illustrated with the experimental examples considered in Section 4. The paper finishes with conclusion about advantages of this solution comparing with calculator
computing and its disadvantage of realization of matrices operations and operations
with complex numbers compared with other software products as Matlab and
MathCAD.
2. ANALYTICAL CALCULATION OF THE PARAMETERS OF LINEAR PASSIVE
TWO-PORT NETWORKS
I1

I2

1

Linear
passive
two-port
network

U1
1'

2

U2
2'

Fig. 2

The equivalent complex form of analyzed linear
passive two-port network of Fig. 1 is shown in Fig. 2
[2]. It is well known that the connection between
input and output currents and voltages can be
described with two linear equations with constant
coefficients. Depending on this which pair of
quantities is independent and which pair of quantities
are dependent the systems are: Y-, Z-, A-, В-, G- or
H- [1]. In this paper will consider only А-system of

equations, which is:

U&1 = AU
. & 2 + B.I&2
,
I& = C.U& + D.I&
1

2

2

А B
where: A = 

C D 

Coefficients A, B, C and D are calculated in the following way:
A = Z10.C, −
1
C=±
, S ⇒ D = Z20 .C, − ,
Z10 .Z20 − Z1к .Z20
B = Z1к .D, Ω

(1)

(2)

where Z10, Z20 and Z1K are the respective complex impedances of:
1. Supplying from the 1 – 1’ terminals and opening between the 2 – 2’ terminals
(Fig. 3а).
I10

I2 = 0

1

Z10
U10

Linear
passive
two-port
network

1'

2

U20
2'

Fig. 3а

I&2 = 0
&
&
&
U = AU
. 2 + B.I 2
 U& 
A
: 1
⇒ Z10 =  1  =
&
I&1 = C.U& 2 + D.I&2
 I1  I&2 =0 C
Z10 – open-circuit input complex impedance

(3a)
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2. Supplying from the 2 – 2’ terminals and opening between the 1 – 1’ terminals
(Fig. 3b).
I 10 = 0

I20

1

Linear
passive
two-port
network

U10

2

I&1 = 0
&
&
&
U 2 = D.U1 + B.I1
 U& 2  D
:
⇒ Z 20 =   = (3b)
&
I&2 = C.U&1 + A.I&1
 I2  C

Z20
U20

Z20 – open-circuit output complex impedance

2'

1'

Fig. 3b

3. Supplying from the 1 – 1’ terminals and short circuit between the 2 – 2’
terminals (Fig. 3c).
I1k

I2k

1

Z1k
U1k

Linear
passive
two-port
network

2

U2 = 0

1'

U& 2 = 0
&
&
&
U1 = AU
. 2 + B.I 2
 U&1 
B
:
⇒ Z1к =  
= (3c)
&
I&1 = C.U& 2 + D.I&2
 I1 U& 2 =0 D
Z1k – short-circuit input complex impedance

2'

Fig. 3c

A reciprocal two-port satisfies the equation:
A.C − B.D = 1 .

(4)

The complex impedances Z10, Z20 and Z1K may be experimentally found using the
circuit given in Fig. 4:

A

*

*
W

a

I

I
U

V

Z

b
Fig. 4. Electric circuit for determining the complex impedance Z

It is obvious that the voltmeter reads the RMS value of the voltage U, the
ammeter – RMS value of the current I and the wattmeter – consumed active power
of Z, i.e.
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P = Re U& . I  = U .I .cos ϕ


*

(4)

Based on their readings, the value of the complex impedances are calculated as
follows:
U
z=
I
(5)
⇒ Z = z.e jϕ
P
ϕ = ± arccos
U .I
Note: The sign of angle ϕ depends on the imaginary part of Z: (+) – in presence of coil and (-)
in presence of capacitor.

We are interested in determining the real elements realized this complex
impedance and then to present it in the algebraic form:

Z = z.e jϕ = z ( cos ϕ + j sin ϕ ) = R ± jX ,
where:

(6)

R, Ω – resistance of resistor; (6a)
Sign (+) associates to the coil with reactive impedance X L = X = ω L ⇒
X
X
with inductance L = =
.
(6b)
ω 2π f
Sign (-) associates to the capacitor with reactive impedance
1
1
1
=
XC = X =
⇒ with capacitance C =
.
(6c)
ω X 2π f . X
ωC

Complex value of the coefficient С from А-system (1) is calculated by analogy,
i.e.

C =

I
U

P
α = ± arccos
U .I

⇒ C = C .e jα

(7)

Note: The quadrant with position of angle α is experimentally determined (see 4).

3. PROCEDURES FOR AUTOMATIC CALCULATION OF THE COEFFICIENTS
IN LINEAR PASSIVE TWO-PORT NETWORK
The consequence of calculations, which makes for determination of the complex
impedances Z10, Z20 and Z1K is described with Procedure 1 (Fig. 5а) and – for
complex coefficient С - with Procedure 2 (Fig. 5b). Using the results from Procedures
1 and 2 as input data for Procedure 3 (Fig. 6), by the latter is calculated the values of
complex coefficients A, B and D in А-system (1).
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ω = 2π f
z=

U
I

ϕ = ± arccos

P
U .I

Z = z.e jϕ

Z = z.e jϕ
Z = z.cos ϕ + j.z sin ϕ = R + jX

Z = z.cos ϕ + j.z sin ϕ = R − jX

Fig. 5а. Procedure 1: Calculation the complex impedance Z
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C =

I10
U 20

β = arccos

P
U 20 .I10

P' > P

C = C .e jα

C = C .cos α + j. C .sin α = G ± jB

Fig. 5b. Procedure 2: Calculation of the complex coefficient С
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A = Z10 .C , −

D = Z 20 .C , −

B = Z1k .D, Ω

Fig. 6. Calculation of the complex coefficients A, B, C and D

4. ILLUSTRATIVE EXAMPLES
The electric circuits for determining the complex impedances Z10 , Z20 and Z1K
according to (Fig. 3a, 3b and 3c) with voltmeter, ammeter and wattmeter is shown in
Fig. 7 [3]. In this case the devices read the measured quantities in main dimensions
with except to the ammeter which reads the current in mA.
The respective circuit with digital device reading RMS values U and I, active
power P and cos ϕ at the same time is shown in Fig. 8. In this case all devices
visualize the measured values in basic dimension.
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Notes:
1. Р10 and Р’10 read as follows:
Fig. 7
К is closed ⇒ reads Р10
К е open ⇒ reads Р’10

Fig. 8
К is closed ⇒ reads Р’10
К is open ⇒ reads Р 10

2. To simplify the notations, without the loss of generality of analysis, in next figures “Linear
passive two-port networks” will be abbreviated by upper letter “P”.

I

AT
W

Rогр.
230 V

2

K

C

U V

1

A

P
1'

2'

Fig. 7. Measuring the complex impedances Z with analog instruments

I

AT

U

U, I , P
cos ϕ

2

K
C

Output

230 V

HM 8115 - 2
.

Input

Rогр

1

P

1'
Fig. 8. Measuring the complex impedances Z with digital device

2'

Different connections between two linear passive two-port network (serial,
parallel and cascade) are shown in Fig. 9а, 9b and 9c [3].
1

I2

I1

1

2

U1

U2

2

1

U1

U2

P2

P2
2'

Fig. 9а
Serial connection

I2

P1

P1

1'

I1

1'

I1

I2

P1

U1

2

P2

1'

U2
2'

2'

Fig. 9b
Parallel connection

Fig. 9c
Cascade connection

Electric circuit for determining the complex coefficient С is shown in Fig. 10 [3]

Advanced Aspects of Theoretical Electrical Engineering, Sofia'2016

I

AT
W

Rогр

.

230 V

U10

C

V1

159

1

2

A

K

P

U20

1'

V2

2'

Fig. 10. Measuring the complex coefficient С with analog instruments
Note: Р and Р ' read as follows: If К is opened ⇒ reads Р. Otherwise, it reads Р’.

Results from measurements and calculations by Excel [4] of the complex
impedances Z10, Z20, Z1K and coefficient C are shown in Tables 1, 2, 3 and 4,
respectively. In Table 5 are shown the calculations of the transmission coefficients A,
B, C and D in А-system of equations (1) [4].
Table 4: Measurements and calculations of C
Considered linear passive two-port network
P1
P2
P1 and P2 - Serial
P1 and P2 - Parallel
P1 and P2 - Cascade

U 20 , V
68,0
50,2
40,7
28,7
21,8

Measured quantities
Calculated quantities
P , W P ' , W abs(C), rad α , deg C = Re +/- j Im, S
I 10 , A
0,1870
-3,3
-3,5
0,00275 -104,999
-0,001-0,003j
0,1750
8,6
8,5
0,00349 -11,775
0,003-0,001j
0,1070
2,4
2,6
0,00263 56,535
0,001+0,002j
0,2285
3,6
3,8
0,00796 56,682
0,004+0,007j
0,1725
2,6
2,9
0,00791 46,241
0,005+0,006j

Table 5: Measurements and calculations of A, B and D

Considered linear passive two-port network
P1
P2
P1 and P2 - Serial
P1 and P2 - Parallel
P1 and P2 - Cascade

C, S
-0,001-0,003j
0,003-0,001j
0,001+0,002j
0,004+0,007j
0,005+0,006j

Calculated quantities
А = Z10 . C, - D = Z20 . C, -1,244+0,02j -1,25+0,001j
0,785-1,281j
0,779-1,3j
2,219-0,198j 2,257-0,203j
2,341+0,07j 2,383+0,066j
3,548-0,589j 3,67-0,855j

B = Z1K. D, Ω
-429,498+325,314j
-471,165-546,743j
617,679-1346,362j
357,257-442,749j
536,277-1475,579j
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Considered linear passive two-port network
P1
P2
P1 and P2 - Serial
P1 and P2 - Parallel
P1 and P2 - Cascade

Considered linear passive two-port network
P1
P2
P1 and P2 - Serial
P1 and P2 - Parallel
P1 and P2 - Cascade

Considered linear passive two-port network
P1
P2
P1 and P2 - Serial
P1 and P2 - Parallel
P1 and P2 - Cascade

U 10 , V
100
100
100
100
100

U 20 , V
100
100
100
100
100

18,2
6,4
7,3
25,1
12,9

z 20 , Ω
454,545
434,783
862,069
299,401
476,190

z 10 , Ω
452,489
431,034
847,458
294,118
454,545

R 10 , Ω
110,563
295,407
402,183
168,685
256,198

R 20 , Ω
117,769
294,896
408,740
171,214
242,630

Real elements
L ,H
C 10, F
10
7,25162E-06
1,01368E-05
4,26549E-06
1,3206E-05
8,47434E-06

Real elements
L 20 , H
C 20, F
7,24748E-06
9,95913E-06
4,19207E-06
1,29545E-05
7,76543E-06

Table 3: Measurements and calculations of Z1K

343,713-260,1j
149,66-452,061j
324,661-567,257j
144,679-189,811j
227,431-349,122j

Real elements
Calculated quantities
C 1К, F
ϕ 1К, deg Z 1К = R 1К +/- jX 1К, Ω R 1К, Ω L 1К, H
343,713
1,2233E-05
149,660
7,03847E-06
324,661
5,60912E-06
144,679
1,67631E-05
227,431
9,11376E-06
-37,101
-71,653
-60,192
-52,663
-56,895

Calculated quantities
ϕ 20 , deg Ζ 20 = R 20 +/- jX 20, Ω
-74,954
117,769-439,024j
-47,273
294,896-319,487j
-61,672
408,74-759,009j
-55,098
171,214-245,615j
-59,344
242,63-409,741j

Table 2: Measurements and calculations of Z20

Calculated quantities
ϕ , deg Z = R 10 +/- jX 10 , Ω
10
10
-75,826
110,563-438,773j
-46,718
295,407-313,887j
-61,643
402,183-745,944j
-54,981
168,685-240,937j
-55,670
256,198-375,465j

Table 1: Measurements and calculations of Z10

15.09.16 – 16.09.16, Sofia, Bulgaria

Measured quantities
I , A P , W P ' 10 , W
10
10
0,221
5,4
5,0
0,232
15,9
14,3
0,118
5,6
5,2
0,340
19,5
19,1
0,220
12,4
11,9

18,5
6,6
7,6
25,4
13,1

Measured quantities
I 20, A P 20, W P ' 20, W
0,220
5,7
5,2
0,230
15,6
15,1
0,116
5,5
5,3
0,334
19,1
18,8
0,210
10,7
10,4

0,232
0,210
0,153
0,419
0,240

Measured quantities
U 1К, V I 1К, A P 1К, W P ' 1К, W z 1К, Ω
431,034
476,190
653,595
238,663
416,667
100
100
100
100
100
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5. CONCLUSION
The suggested procedures in this paper for calculating the complex impedances in
open-circuit (Z10, Z20 ) and short-circuit (Z1К) and the transmission parameters A, B,
C, D in А-system of equations, describing the behavior of the considered linear
passive two-port networks, are for educational purpose. On one hand, their aim is to
help students in preparation the laboratory assignments by the use of Excel for
calculations. On the other hand, Excel ensures good visualization and therefore
detailed interpretation of input and output data in table form, which is difficultly
realized with programs as Matlab and Mathcad. At the expense of this in latter
programs functions, realizing operations with complex numbers are build-in in the
product and call directly only with one command. In Excel functions for operations
with complex numbers are made by calling the build-in Excel function, associated to
the operation, which significantly complicates typing formulae in the cells. Also in
Excel complex numbers are interpreted as strings and when the round is defined then
it is necessary to process separately its real and imaginary parts.
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IMPROVEMENT OF THE OUTPUT ELECTRIC PARAMETERS
OF AXIAL TWO-ROTOR GENERATORS
WITH RARE EARTH MAGNETS
Nikola Petrov Georgiev
Department of Electrical Engineering, TU – Sofia, Plovdiv Branch, 25, Tsanko Dyustabanov street,
4000 Plovdiv, Bulgaria, 0359 892 231345, e-mail: geotek@abv.bg; 032 659 581
Abstract: The paper considers the opportunities for improving the output electrical parameters of
axial two-rotor generators with rare earth magnets at active load. An expression has been
derived, which takes into consideration the influence of the following factors on the output
electrical parameters: of the magnets parameters, of the number of turns in a stator winding, of
the number of pole pairs, of the number of revolutions per minute and of the air gap. The
output voltage and power at active load have been calculated and then compared to the values,
obtained experimentally. The influence of the air gap, of the number of revolutions per minute
and of the number of turns in a stator winding on the basic output electrical parameters of the
two-rotor generators has been evaluated.
Keywords: axial generators, rare earth magnets, parameters

1. INTRODUCTION
Axial generators with rare earth /NdFeB/ magnets, having power of up to 3 kW,
are frequently used in practice due to: their simple, reliable and easy to produce
construction, the lack of excitation winding and current, resulting in high efficiency
in operation [1].
The magnetic attraction between the rotor and the stator is avoided in these
generators and thus the resistive moment is reduced. These machines are much more
efficient than the ones with radial magnetic field due to the lack of losses in the core
[2]. In the axial two-rotor generators the distance between the magnets of the two
rotors is understood as their air gap [3].
In order to obtain the basic electrical parameters of the axial generators with
permanent magnets, it is necessary to calculate the induced e.m.f. in one winding
with W turns. Then the output current, voltage, and power at active load are defined
with the help of it.
An expression has been derived in the present paper, which takes into account the
influence of the following factors on the output electrical parameters: of the number
of revolutions per minute, of the parameters of the magnets and rotors, of the number
of turns in a stator winding, of the number of pole pairs and of the air gap. With the
help of the obtained formula the induced e.m.f. in one stator winding is calculated,
and thence, the current through it, the voltage on it and the consumed power in the
active load are obtained.

Advanced Aspects of Theoretical Electrical Engineering, Sofia'2016

163

2. THEORETICAL JUSTIFICATION /PROBLEM STATEMENT/
4

1 2

2

4

3

3
S N RµВ

S N

F(t)

F(t)
R`µb

R`µb

Ф(t)

Ф(t)

RµС

Fig. 1. Construction scheme, a view from
the left and magnetic circuit of the
two-rotor generator

The considered axial generator consists
of two rotors with sixteen rare earth
magnets each and a stator with twelve
windings.
Fig. 1 shows the construction scheme
with a view from the left and a magnetic
circuit of the considered two-rotor generator, in which the following notations are
used: 1 – the aluminum stator; 2 – the stator
windings; 3 – the steel rotors; 4 – the rare
earth magnets; and 5 – the shaft, driving the
rotors.
The magnetic reluctance of the air gap
Rµ B , the magnetic reluctance, which takes
into account the dissipation Rµ′ B , the magnetic reluctance of the rare earth magnets
Rµ M , and the magnetic reluctance of the
steel stators and the shaft Rµ СТ are presented by a dotted line in Fig. 1.

For calculating the magnetic flux in the air gap in an instant form, i.e., the one,
going through one of the stator windings, the magnetomotive voltage F(t) of one of
the rare earth magnets is defined in an instant form [4]
F (t ) =

Br ( t ) lM

µ0 µrM

, [A] .

(1)

where:
lМ is the length of the average magnetic line of force through the magnet;
µ rM – the relative magnetic permeability of the magnet;
Br(t) – the residual magnetic induction of the magnet in an instant form.
The magnetic reluctances of the air gap with the winding, of the steel and the
magnetic reluctance, taking into account the dissipation, are
RµB =

lСТ
lВ
l′
, Rµ СТ =
, Rµ′ B = В
, [H-1] .
µ0 .S В
µ0 .µrСТ .SСТ
µ0 .S В′

(2)

where:
lB, lСТ, l`В are the lengths of the average magnetic lines of force through the air gap,
the steel (the rotors and the shaft) and the fluxes of dissipation;
– the relative magnetic permeability of the steel;
µ rСТ
SСТ , SВ , S`В – the cross-sections of the steel, of the air gap and the dissipation.
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The equivalent magnetic circuit in an instant form at closing the magnetic flux
through the shaft of the generator is of the type, presented in Fig. 2.
By means of the magnetic reluctances R`µВ, the losses from the dissipation of the
magnetic flux, created by the two magnets, are taken into consideration, but for a
generator with two rotors and a small air gap they are much bigger and can be
neglected.
Ф(t)

Ф(t)

Ф`(t)

Rµ′ В
F(t)

Rµ В

F(t)

Ф`(t)
F(t)

R`µ В

F(t)

RµСТ
Fig. 2. Equivalent magnetic circuit

RµСТ

Fig. 3. Simplified magnetic circuit

Then the equivalent magnetic circuit is simplified in the way, presented in Fig. 3.
Using the obtained magnetic circuit – Fig.3 – and Kirchhoff’s second law for
magnetic circuits, it is found:
Φ (t ) =

2F (t )
Rµ СТ + Rµ B

, [Wb].

(3)

The residual magnetic induction in an instant form changes sinusoidally, what
can be observed in the conducted experiments
Br ( t ) = Brm sin ωt , [T] .

(4)

By substituting (1), (4) into (3), it is obtained
Φ (t ) =

2lM Brm sin ωt
, [Wb].
µ0 µrM Rµ СТ + Rµ B

(

)

(5)

The induced e.m.f. in one of the stator windings is defined by the magnetic flux
going through it and the number of its turns
dФ ( t )

e ( t ) = −W

dt

, [V] .

(6)

By substituting (5) into (6), for the e.m.f. it is obtained
e (t ) = −

2W ω lM Brm cos ωt
, [V] .
µ0 µrM Rµ СТ + Rµ B

(

)

(7)

The amplitude of the induced e.m.f. in the winding is equal to
Em =

2W ω lM Brm
, [V] .
µ0 µrM Rµ СТ + Rµ B

(

)

(8)
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The circular frequency ω can be expressed by means of the revolutions per minute
n and the number of pole pairs р,
ω=

2.π . p
n , [s-1].
60

(9)

After substituting (9) into (8) it is obtained
Em =

W lM Brmπ p
n , [V] .
15µ0 µrM Rµ СТ + Rµ B

(

)

(10)

Taking into consideration the parameters of the magnetic reluctances (2) in (10),
the amplitude of the e.m.f. in one stator winding is equal to
Em =

W lM Brmπ p
 l
l
15µrM  СТ + В
 µ rСТ SСТ S В





n , [V] .

(11)

Thus the r.m.s. value of the induced e.m.f. in one winding with W turns can be
calculated by the following expression
E = E1 =

Em

W lM Brmπ p
 l
l
15 2 µrM  СТ + В
 µrСТ SСТ S В

=

2





n , [V] .

(12)

By the obtained formula for the r.m.s. value of the induced e.m.f. in one winding,
the residual magnetic induction for both magnets, the geometric dimensions of the
magnets, their relative magnetic permeability, the number of turns, the number of
pole pairs, the number of revolutions per minute and the parameters of the air gap
have been taken into account.
The equivalent electric circuit for one stator winding in a complex form consists
of a source of e.m.f. with zero initial phase, taking into account the induced voltage in
one stator winding (12), the active resistance R1 and the inductivity L1 of one stator
winding, as well as the load active resistance RТ=3Ω, as in Fig. 4.

R1

L1

R

U& R
Е&1

I&

Fig. 4. Equivalent scheme at active load

With the help of Kirchhoff’s second law the r.m.s. value of the phase current is
found
I=

E1

( R1 + RT ) + (ω.L1 )
2

2

, [V] .

(13)

166

15.09.16 – 16.09.1
.09.16, Sofia, Bulgaria

Thus the r.m.s. values of the voltage on the active load and the active power,
consumed by it, can be defined
U R = RT I , [V] ,

P = U R .I , [W] .

(15)

Fig. 5 and 6 present the r.m.s. values of both calculated by the model and
measured voltage and active power at active load of 3 Ω and revolutions per minute
from 0 to 1000 min-1.

Fig. 5

Fig. 6

Fig. 7

Fig. 8

Fig. 7 and 8 present the r.m.s. values of both calculated by the model and
measured voltages at active load of 3 Ω,, for revolutions per minute from 0 to 1000
min-1. Fig. 7 shows the dependence between the r.m.s. values of the calculated by the
model and measured
asured voltages in function of the number of the turns in one stator
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winding, while Fig. 8 illustrates the dependence of the same voltages in function of
the air gap.
3. CONCLUSIONS
The following conclusions can be drawn after the theoretical derivation and the
conducted experiments:
1. The obtained formula for the r.m.s. value of the induced e.m.f. in one winding
takes into account the influence of the residual magnetic induction, of the
geometric dimensions and their relative magnetic permeability, of the number
of windings, the number of pole pairs, the revolutions per minute and the
parameters of the air gap.
2. The adequacy of the proposed formula has been verified and the maximum
relative error for the voltages as a function of the revolutions per minute is
δmax=9,4%, for the power depending on the revolutions per minute it is
δmax=15,8%, for the voltages as a function of the number of turns - 11,5%, and
for the voltages in dependence on the air gap - 19,8%.
3. From the theoretical derivations and the conducted experiments it follows that
the output active power and voltage increase with increasing the revolutions
per minute, as well as with increasing the number of turns in a stator winding,
and with decreasing the air gap.
4. In order to reduce the maximum relative errors it is necessary to take into
consideration the asymmetries in the process of making the prototype of the
generator, as well as the chatter from the rotation of the rotor.
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TRANSFER OF POWER BETWEEN TWO COUPLED INDUCTORS SOME PEQULIARITIES IN AC CIRCUITS
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8 Kliment Ohridski Blvd., Sofia 1000, Bulgaria, phone: +0359 965 23 94,
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Abstract: In studying the steady-state of linear electric circuits a special attention is paid to the
circuits with inductive coupled branches. Some authors introduce the idea of transferring of
active power between inductive coupled coils. Several examples given in this paper show that
the accepted rule for determining both the active power transfer and the direction of this
transfer is not always correct. It is found that the stated rule for transferring an active power
between two coupled branches has practical significance and holds without exception for the
transformer connections and for some special cases in magnetically coupled AC circuits.
Keywords: electrical circuits, mutual inductance, active power transfer.

1. INTRODUCTION
In practice the sources of energy are often connected in parallel in order to
provide an uninterrupted power supply to consumers. A question arises which
generator (source) generates energy and which (if any) consumes energy, i.e. works
as an active consumer. If the real part of the complex power of a given source is a
positive quantity then it generates energy. When there is an inductive connection
between circuits of generators some authors introduce both the idea of transfer of
active power and rules to determine the direction of this transfer. In literature of
theoretical electrical engineering some relations determining this power and its
direction are given, i.e. which branch generates and which branch consumes energy
[1, 2, 3, 4, 5, 10]. Other authors [6, 7, 8, 9] do not consider this issue at all. The
authors of this paper have found that these rules are valid for specific circuits only. It
is our purpose to show where there is discrepancy and in which cases the given
equations are correct and applicable.
2. THEORY
Analyzing AC circuits includes finding the currents in several or all branches of
the circuit. One can confirm without any doubt that the values of calculated branch
currents are correct by the balance of powers based on the law of conservation of
energy, i.e. the generated power must be equal to the consumed one. As far as circuits
with inductive coupled branches are concerned there are two approaches for finding
the branch currents: the inductive connection may be removed and an equivalent
circuit without magnetically coupled elements is found. Then the well known
equations for balance of complex powers are used. The second approach is applied
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without removing the magnetically coupling. In this case a special term is introduced:
a complex power transmitted between two coupled coils.
The AC circuit shown in Fig.1 consists of two independent active sub-circuits A1
and A2 with two magnetically coupled branches [1]. The currents I&1 and I&2 are with
the same direction to the dots and therefore the mutual inductive voltages U& and
M 12

U& M will have the marked directions.
By definition a complex power transmitted between two coupled coils is:
21

∗

∗

S&M = U& M I1 = Z M I&2 I1
12

12

∗

∗

or S&M = U& M I 2 = Z M I&1 I 2 ,
21

21

where Z M is a mutual inductive impedance.
We want to determine this power and the direction of this transmission.
1

A1

U& M12

I&1

I&2

ZM
•
Z1

2

i1

•
&
Z 2 U M 21

R1

M
•
L1

A2
e1

1′

i2
•
L2

R2

C

e2

2′

Fig. 1

Fig. 2

Following physical considerations concerning the processes of transferring the
electromagnetic energy in the circuit, a practical rule has been established [1, 2].
∗

If

PM

12

= Re  S&M  = Re[ Z M I&2 I1 ] > 0
12

∗

or

PM

21

(1а)

= Re  S&M  = Re[ Z M I&1 I 2 ] > 0
21

then the active power is transmitted from a branch with a conjugate current to a
branch with non-conjugate current, i.e. ∗ ⇒ • .
∗

If

PM = Re  S&M  = Re[ Z M I&2 I1 ] < 0

or

= Re  S&M  = Re[ Z M I&1 I 2 ] < 0

12

12

∗

PM

21

(1b)

21

then the active power is transmitted from • ⇒ ∗ .
When the currents I&1 and I&2 have different directions to the dots, then the rule is
kept if a sign minus is placed in front of the impedance Z M .

3. EXAMPLES
Example 1. Consider the circuit of Fig. 2 [5].
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Given are: R1 = R2 = 50 Ω , X L = X L = 100 Ω , X M = 50 Ω , X C = 70 Ω ,
1

2

e1 (t ) = 50sin(ω t + 135 ) V , e2 (t ) = 45 2 sin(ω t + 1800 ) V .
0

The calculated current phasors are
I&1 = (0,3 + j 0,4) A and I&2 = 0,5 A ,
and generated and consumed active powers are
*
PE = Re[ E&1 I1 ] = 2,5 W ;
PR = R1 I12 = 12,5 W
1

1

*

PE = Re[ E& 2 I 2 ] = 22,5 W ;

PR = R2 I 22 = 12,5 W .

2

2

The balance of power confirms that

∑P

E

= ∑ PR = 25 W .

For the active power transmitted through coupled elements is found that
∗

PM = Re[ − Z M I&2 I1 ] = −10 W ,
12

that is the stated rule (1b) is kept and really a power of 10 W is transferred from
branch 2 to branch 1.

Example 2. The circuit of Fig. 3 has the following data: R1 = R2 = 30 Ω ,
X L = X L = X L = 15 Ω , X M = 5 Ω , e1 ( t ) = 50 2 sin(ω t ) V , e2 ( t ) = 150 2 sin(ω t ) V .
Two cases are considered.
1

2

3

а) Matched coupling (see triangles - ∆ in Fig. 3)
The phasor of the currents are
I&1 = ( −0,6176 − j 0,9706) A and I&2 = (2,3824 − j1,9706) A .
The calculating quantities have the following values
*
PE = Re[ E&1 I1 ] = −30,88 W ;
PR = R1 I12 = 39,71 W ;
1

1

*

PE = Re[ E& 2 I 2 ] = 357,35 W ;

PR = R2 I 22 = 286,76 W .

2

2

We can see that the generated power is equal to the consumed one
PE = 357,35 W

∑P

cons

= 286,76 + 39,71 + 30,88 = 357,35 W .

The active power transmitted between the two branches has the value of
∗

PM = Re[ Z M I&2 I1 ] = −17,65 W ,
12

which according to Eq. (1b) means that the active power PM = 17,65 W is directed
from branch 2 to branch 1. Actually the branch 1 consumes power of 70,59 W, so the
practical rule does not hold in this case.

Advanced Aspects of Theoretical Electrical Engineering, Sofia'2016

171

b) Non-matched coupling (see dots - ● in Fig. 4)
In this case the phasors of currents are
I&1 = (0,0462 − j 0,8308) A and I&2 = (2,3538 − j 2,3692) A ,
and the necessary quantities have the values
*

PE = Re[ E&1 I1 ] = 2,3077 W ;

PR = R1 I 12 = 20,77 W ;

1

1

*

PE = Re[ E& 2 I 2 ] = 353,07 W ;

PR = R2 I 22 = 334,61 W ;

2

∑P

E

≈ 355,378 W

2

∑P

R

≈ 355,38 W ;

∗

PM = Re[ − Z M I&2 I1 ] = 9, 43 W .
12

i1

i1

R1

R2

M

R1
•

i2
L1

•

<

<

•

L1

•

C i2

R2

M

L2

i3
L3

e1

e1

L2

e2
i3
L3

e2

R3

Fig. 3

Fig. 4

The result of PM contradicts to rule (1a), that is branch 1 needs power.
Example 3. The circuit of Fig. 3 is changed: A capacitor C is connected in series
with the inductor L3. The data are: R1 = R2 = 10 Ω , X L = X L = 20 Ω , X L = X C = 5 Ω ,
12

1

2

3

X M = 10 Ω , e1 ( t ) = 20 2 sin(ω t ) V , e2 ( t ) = 10 2 sin(ω t + 90 ) V . We consider the
case a) only – matched coupling (∆).
The results are:
I&1 = (0,5 − j ) A;
I&2 = j 0,5 A ;
0

*

PE = Re[ E&1 I1 ] = 10 W ;

PR = R1 I12 = 12,5 W ;

1

1

*

PE = Re[ E& 2 I 2 ] = 5 W ;

PR = R2 I 22 = 2,5 W ;

2

∑P

E

2

= ∑ PR = 15 W .

The transmitted active power is
∗

PM = Re[ Z M I&2 I1 ] = −2,5 W
12

and this means that the direction is from branch 2 to branch 1 which confirms the
stated rule.
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Example 4. The circuit shown in Fig.3 is again considered providing e2 ( t ) = 0 .
We consider the case b) only – the non- matched coupling (●).
The following results are obtained
I&1 = (0,8769 − j 0,7846) A;
I&2 = ( −0,2769 − j 0,015385) A ;
*

PE = Re[ E&1 I1 ] = 43,845 W ;

PR = R1 I 12 = 41,359 W ;

1

1

PR = R2 I 22 = 2,3069 W ;
2

PE ≈ ∑ PR ≈ 43,6659 W ;
∗

PM = Re[ − Z M I&2 I1 ] ≈ −1,154 W .
12

Considering PM this means that the active power is transmitted from 2 to 1 which
is not the case – the branch 2 is a passive one and it receives a power.
12

Example 5. We consider the circuit in Fig.3 again but voltage source e2 (t ) is
replaced by the current source je ( t ) with the same direction. Data are: R1 = R2 = 5 Ω ,
X L = X L = 10 Ω , X L = X M = 5 Ω , e1 ( t ) = 50 2 sin(ω t ) V , je (t ) = 20sin(ω t + 450 ) A .
The solution gives the following results
I&1 = (1 − j 3) A;
U& je = ( −100 + j 200) V ;
1

2

3

*

PE = Re[ E&1 I1 ] = 50 W ;
1

*

PJe = Re[U& Je J e ] = 1000 W ;

PR = R1 I 12 = 50 W ;
1

PR = R2 J e2 = 1000 W .
2

The balance of power holds and one can conclude that there is no power
magnetically transferred - PM = 0 .
Calculating
∗
P = Re[ − Z J& I ] = Re[ − j5(10 + j10)(1 + j 3)] = 200 W ,
M 12

M

1

e

shows that branch 1 transfers an active power of 200 W which can not be true.

Example 6. A circuit of Fig.4 [5] is considered with data R1 = R2 = 2 Ω , R3 = 1 Ω ,
X L = 2 Ω , X L = 4 Ω , X L = 1 Ω , X M = 2 Ω , X C = 2 Ω , E&1 = 10 V , E& 2 = (10 + j10) V .
The phasor currents are calculated
I&1 = (1,5 − j 2,5) A; I&2 = ( −2,5 + j 0,5) A; I&3 = (1 + j 2) A .
1

2

3

The active powers have the values
*
P = Re[ E& I ] = 15 W ;
E1

1

1

*

PE = Re[ − E& 2 I 2 ] = 20 W ;
2

PR = R1 I12 = 17 W ;
1

PR = R2 I 22 = 13 W ;
2
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PR = R3 I 32 = 5 W .
3

The balance of power shows

∑P

E

= 15 + 20 = 35 W ;

∑P

R

= 17 + 13 + 5 = 35 W .

The magnetically transferred power according to the equation
∗

PM = Re[ − Z M I&2 I1 ] = −11 W ,
12

or the branch 2 transfers an active power to the branch 1 more that is necessary (2W),
that is the stated rule is not kept again.

4. CONCLUSION
The rules for determining the transfer of active power in circuits with magnetically coupled branches and its direction are correct in the following cases:
1) The inductive coupled branches belong to two different sub-circuits which do
not have galvanic connection, that is their graph is not connected. This is the case of a
transformer considered in Example 1.
2) The two magnetically coupled branches are connected in parallel to an ideal
voltage source. See the example 4.4 in [2], (p.181).
3) The circuit of Fig.3 can be considered as a three-terminal connection with
magnetically coupling [1, 2]. In this case the common branch is the inductor L3 and
when a capacitor C is connected in series with L3 so that the impedances are equal,
i.e. Z C = Z L (Example 3).
It is the authors’ opinion that the issue of transferring an active power in
magnetically coupled circuits makes sense practically in the first case only.
3
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MODELLING OF THE CONDUCTIVE IMPACT OF MEDIUMVOLTAGE POWER LINE ON THE COMMUNICATION LINE
Atanas Chervenkov, Todorka Cherevnkova
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8 St. Kl. Ohridski, 1000 Sofia, Republic of Bulgaria, tel. 00359 2 965 33 19,
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Abstract: Interference in communication line (data transmission line), caused by a power line is
considered. The cable power line for medium voltage – 20 kV is investigated. The communication cable line has a galvanic connection with a power cable line through the grounding. The
circuit model is created. It includes a model of the power medium voltage and communication
line with concentrated parameters. Simulations of interference with PSpice software package
are performed. The electrical cables are modelled according the dimension and characteristic
indicated by the manufacturer. The simulations are performed at different grounding resistances, depending on soil moisture. By decreasing the moisture of the soil, the disturbance voltage
in the communication line increases significant.
Keywords: simulation, cable line, medium voltage, electromagnetic interference, communication line

1. INTRODUCTION
Modern life is very dependent of electric energy. By its own nature, this energy
produces magnetic and electric fields in the electric facilities.
Interference in communication line (data transmission line), caused by a power
line is considered.
Grounding or loop contours are among the most frequent examples reasons of
electromagnetic influences. Consider a typical example of when implementation of
high-voltage cable and is connected with data signal cable. Cases of both lines of cosecurity considerations are grounded.
The communication cable line (low voltage line) has a galvanic connection with a
power cable line for medium voltage - 20 kV. The power line for medium voltage
supplies electricity to consumers in urban areas.
The cable is with XLPE insulation for distribution of electric power at nominal
voltages 20 kV and frequency 50 Hz.
The investigated power cable for medium voltage [5] is shown in Fig. 1.

Fig. 1. Power cable for medium voltage

The power cable has XLPE insulation, Al wires, semi-conductive screen, metal
screen of copper wires and cover of MDPE polyethylene.
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The investigated cable for low voltage is type cat5e UTP for data transmission in
high-frequency networks (LAN), with frequency up to 100 MHz [4]. It is shown in
Fig. 2.

Fig. 2. UTP cable for data transmission

Category 5 LAN cable, commonly referred to as cat 5, is a twisted pair cable for
carrying signals [5]. This type of cable is used in structured cabling for computer
network such as Ethernet. The cable standard provides performance of up to 100
MHz and is suitable for 10Base-T, 100BASE-T, (Fast Ethernet), and 1000BASE-T
(Gigabit Ethernet). Cat 5 is also used to carry other signals such as telephony and
video. Most category 5 cables are unshielded, relying on the balanced twisted pair
design and differential signalling for noise rejection.
The conductor of communication cable is cooper, with diameter 0.51 mm and
inductance 525nH/m. Outer cable insulation is typically PVC or LSOH.
2. DESCRIPTION OF THE MODEL
The first step in this work was to create the model of the target system. In this
case the studied system consists of a power cable line, cable communication line
(data line) and earth ground.
The circuit model of the studied system is created. It is shown in Fig. 3. It
includes a model of the power medium voltage and communication line with
concentrated parameters.
In Fig. 3 are designated:
― ܧሶଵ is phase voltage, relative to a line-to-line voltage of 20 kV;
― ܧሶଶ is impulse of periodic voltage with frequency range 10 MHz-100 MHz;
― ܴଵ is a resistance, ܮଵ is an inductance, ܥଵ and ܥଶ are capacitance of MV cable
line, respectively;
― ܴଶ is a resistance and ܮଶ is an inductance of communication cable line,
respectively;
― ܴଵ is a resistance, ܮଵ is an inductance of medium voltage load;
― ܴଶ is a resistance of communication load;
― ܴ is a resistance of ground.
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Fig. 3. Circuit model of the studied system

3. RESULTS
The simulations of interference with PSpice software package are performed.
The analysis is performed under steady and perfectly balanced state of the three
phase system. This allows considering one phase only.
Hence, the phase conductors of power cable line are assumed to be carrying
currents smaller of 355 A and subjected to line-to-line voltages of 20 kV.
The electrical cables are modelled according the dimension and characteristic
indicated by the manufacturer [3, 4 and 5]. PSpice model is shown in Fig. 4.

Fig. 4. PSpice model of studied system
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The voltages of the power MV line and communication line in fig. 5 are presented.

Fig. 5. Voltages of MV and communication cable lines

The simulations are performed at different grounding resistances, depending on
soil moisture.
The distribution of the interference voltage in communication line by different
grounding resistances, when the load current of power line is less than 100 A is
shown in Fig. 6.
The resistance of the soil has a significant influence on the voltage disturbance.
Grounding impedance selected to limit line-to-ground fault current. Normally
fault current is between 100A and 1000A as defined by IEEE std. 142-2007 section
1.4.3.2 [6, 7].
By decreasing the moisture of the soil, resistance of the grounding circuit is
increased, and this leads to a significant increase of the disturbance voltage in the
communication line.
Next, the others operating mode of the cable power line is considered. In this
cases the phase conductors are assumed to be carrying current bigger of 100 A.
The picture of the interference voltage distribution in the communication line,
ground line by different grounding resistances, when the load current in medium
voltage line is 125 A and 160, respectively are shown in Fig. 7. With dashed line is
shown the case of bigger current.
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Fig. 7. Distribution of the interference voltage with different fault currents
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4. CONCLUSION
The circuit model of the electromagnetic system including medium voltage power
line and communication line is created.
The simulations of interference with PSpice software package are performed.
The conductive impact of medium-voltage power line on the data transmission
line (communication line) is substantially, because it can disrupt normal work.
By decreasing the moisture of the soil, the disturbance voltage in the communication line increases significant.
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Abstract: Electrical resonance circuit is consisting of resistance, capacitance and inductance which
may be connected in series or parallel manner. When the inductive reactance of the circuit is
equal to capacitive reactance of it the electric energy oscillates in magnetic field of inductor
and the electrical field of capacitor. Electrical resonance is one of the important phenomena
mainly in AC reactive circuit. By using the conditions of resonance it can regulate the
frequency as required, so the circuit acts as a filter. The nature of the obtained graphs shows
that resonance denies its impedance properties, at certain resonant frequency, drastic increase
or decrease the impedance. The described phenomenon is used in the education of the students
in different specialities, so it is necessary to introduce it to the students as an interesting and
useful knowledge. The paper presents some old and a new laboratorial model proposed for the
student’s practise in the subject of Theoretical Electrical Engineering.
Keywords: resonance, energy, AC signals, reactive circuit, filter

1. ITRODUCTION
In the world of physics, resonance is the phenomena when any system is driven
by other system to oscillate with greater amplitude or vibrational system at a specific
frequency called “resonant frequency”. When damping of system decreases, there is
an increase in the amplitude and resonant frequency is achieved by driven damped
simple harmonic oscillator. Resonance phenomenon can be observed in different
types of vibrations like electromagnetic resonance, nuclear magnetic resonance,
mechanical resonance, acoustics resonance, resonance in quantum wave functions
and electron spin resonance (ESR).
The electrical circuit experiences at specific resonant frequency when reactive
part of impedance or admittances of electrical circuit elements cancel each other. In
some cases, when impedance between the input and output of the network is zero
then the transfer function is nearly equal to one. Resonance circuit can generate
higher voltages and currents than the required into it. These networks are widely used
in wireless (radio communication) for transmission and reception. The electrical
resonance is used in many different types of oscillator circuits, as we know that an
important application is tuning, such as in TV sets, in radio receivers, where they are
used to select a specific ranges of frequencies from ambient radio waves, circuits are
used for tuning called as “tuned circuit”, etc. An RLC circuit can be used as a low
pass filter or high-pass filter, band –pass filter or a band-stop filter [1],[2],[3].

Advanced Aspects of Theoretical Electrical Engineering, Sofia'2016

181

As we know that the phenomenon of electrical resonance is recently used in the
telecommunication techniques and technologies, lot of the research is going to be in
this field. When students are working with schemas differently, they cannot justify
comparison between series and parallel resonant circuit. In the previous models, there
were two different models for series and parallel resonance and both practical would
be conducted on different days. But in our new model we have integrated both of the
models into one box. So students should understand the phenomenon properly and
they should compare both schemas (series and parallel circuit) simultaneously.
Therefore the Department of theoretical electrical engineering in the Technical
university of Sofia is taking an initiative to give students an opportunity to learn this
phenomenon on one single model by combining the both schemas on it.
2. A NEW APPROACH FOR RESONANCE PHENOMENON EXPERIMENTS
IN ONE COMBINED STUDY ON MODEL
Fig. 1 shows the principle schematic of the new model. There are many advantages for this model such as:
 Compact circuit box;
 Two inbuilt circuits (series and parallel);
 Inbuilt LED lighting;
 Current regulating mechanism;
 Indicators;
 Visible components to show to students;
 Due to proper schematic, easy understanding of circuits;
 Proper contacts for measuring voltage and current.

Fig. 1. Principle schematic of the new model

182

15.09.16 – 16.09.1
.09.16, Sofia, Bulgaria

The new design of the model of electrical resonance phenomenon is shown on
Fig. 2. There is shown the state of preparing the new box with the both schemas
inside.

Fig. 2. The design of the new model of electrical resonance phenomenon
in state of preparing

The two plates with the electrical elements are shown of Fig. 3. The elements are
mounted on separate plates to be placed on the both opposite sides in the box.

Fig. 3. The design of the new model’s plates of electrical resonance phenomenon
in state of preparing

The design of the old models is presented on Fig. 4 and Fig. 5. They are
complicated and tricky to be used by the students, hard to connect the different parts.
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Fig. 4. The design of the old model for voltage resonance as a series circuit

Fig. 5. The design of the old model for current resonance as a parallel circuit
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3. COMPARISONS BETWEEN THE BOTH OLD MODELS AND THE NEW MODEL
BY USING MATLAB SOFTWARE
There are two important parameters for analysis for the both models:
 Impedance vs. frequency in Fig. 6 and in Fig. 7;
 Current vs. frequency in Fig. 8 and Fig. 9.
The next figures show the differences between the old models and the new one.
The comparison is made by a simulation in Matlab programme.
The function which is used for plotting the results in this section is “bode”. It
computes the frequency response using the following steps:
o Computing the zero-pole-gain representation of this dynamic system;
o Evaluating the gain and phase of the frequency response based on the zero,
pole, and gain data for each input and output channel of the system:
a. In continuous-time systems, the function evaluates the frequency
response on the imaginary axis and considers only positive
frequencies.
b. In discrete-time systems, the function evaluates the frequency response on the unit circle.

Fig. 6. Diagram of the impedance vs. frequency for parallel circuit
(dotted line in the graphs shows new model results)

The curves show a good form of itself and the possibilities to use the available
frequency generator in the labs.
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Fig. 7. Diagram of the impedance vs. frequency for series circuit
(dotted line in the graphs shows new model results)

The used functions in Matlab Bode plots the frequency response, magnitude and
phase of the frequency response. This function is used to plot over a specified
frequency range (in this case up to 107rad/s). This approach is used because we want
to focus on the dynamics in a particular range of frequencies.

Fig. 8. Diagram of the current vs. frequency for parallel circuit
(dotted line in the graphs shows new model results)
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Fig. 9. Diagram of the current vs. frequency for series circuit
(dotted line in the graphs shows new model results)

4. CONCLUSIONS
This experiment presents that the new model is showing accurate graphs and
result analysis is comparatively more precise.
The new model is compact and easy to handle due to notification given on it.
Another priority is the independence from another model. The old model for current
resonance is depending on the model for the voltage resonance to provide it with a
stable input source of power.
The new one is interesting and well designed for laboratorial experiments by the
students. It can be used to understand the phenomenon of resonance properly and
provide the possibility to compare the both schemas simultaneously.
The same experimental model will be built in the Department of Electrical
Engineering in Savitribai Phule Pune university – India.
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Abstract: The machines and their safe use are one of the main prerequisites for the economic
development of each country. To place on the market or commissioning a machine must ensure
its safety. Machinery Directive 2006/42 / EU define the essential requirements of general safety
and health protection. The work is considered one of harmonized standards under the Machinery Directive - BS EN 60204-1: 2006 / A1: 2009 Safety of machinery. Electrical equipment of
machines. Part 1: General requirements.
Keywords: Safety of machinery, Machinery Directive 2006/42 / EU

1. INTRODUCTION
Directive 2006/42 / EU on machinery of the European Parliament and of the
Council of 17 May 2006 define only the essential requirements of general safety and
health protection. Producers are fully responsible for attesting the conformity of
machines that produce provisions of the directive. Manufacturers must determine
which are the essential requirements for safety and protect the health that applies to
the machine. The machine must be designed and constructed taking into account the
results of the evaluation of risks. The obligations laid down by the essential
requirements for safety and Health protection shall apply only when the
corresponding hazard exists for the machine when it is used under the conditions
provided by the manufacturer or his authorized representative but also in foreseeable
emergencies. It is believed that machine produced according to a harmonized
standard, complies with the essential requirements for safety and Health protection
covered by such a harmonized standard.
BDS EN 60204-1:2006/А1:2009 „Safety of machinery - Electrical equipment of
machines - Part 1: General requirements“ [1] harmonized standard to the Machinery
Directive and its use in the design of machines give presumption of conformity with
the essential requirements of the Directive.
2. REQUIREMENTS AND RECOMMENDATIONS RELATED TO ELECTRICAL
EQUIPMENT OF MACHINES
Harmonized standards Directive "Machines" [2] are several types:
• Type A – Basic safety standards. Apply to all types of machines;
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• Type B - Specialized safety standards. They deal with one or more aspects of
safety or one or more types of protective devices which can be used for a wide range
of machines. Divided on:
― Type B1 – relate to specific safety aspects (e.g. safety distances, surface
temperature, noise);
― Type B2 – concern for safety devices (e.g. controls with both hands, locking
devices, devices, pressure-sensitive, protective barriers);
• Type C – Standards for safety equipment. They view detailed safety
requirements for a particular machine or group of machines.
BDS EN 60204-1: 2006 / A1: 2009 harmonized standard type B. In its application
to fulfill the essential requirements set out in the Ordinance on the essential
requirements and conformity assessment of electrical equipment designed for use
within certain voltage limits, and the Ordinance on the essential requirements and
conformity assessment of machinery.
This standard provides requirements and recommendations that apply to electrical
equipment of machines, together with related equipment for low voltage. Its
application helps to rise:
• The safety of persons and property;
• Consistency of control response;
• Easy maintenance.
The equipment covered this standard commences at the point of connection of the
supply to the electrical equipment of the machine.
The electrical equipment or parts of the electrical equipment that operate with
normal supply voltages not exceeding 1000 V for alternating current (a. c.) and not
exceeding 1500 V (d. c.), and with nominal supply frequencies not exceeding 200 Hz.
The risks associated with the hazards relevant to the electrical equipment shall be
assessed as part of the overall requirements for risk assessment of the machine. This
will determine the adequate risk reduction and the necessary protective measures for
persons who can be exposed to those hazards, while still maintaining an acceptable
level of performance of the machine and its equipment.
Hazards may be due to the following reasons:
• Failures or faults in the electrical equipment resulting in the possibility of
electric shock or electrical fire;
• Failures or faults in control circuits (or components and devices associated
with those circuits) resulting in the malfunctioning of the machine;
• Disturbances or disruptions in power sources as well as failures or faults in the
power circuits resulting in the malfunctioning of the machine;
• Loss of continuity of circuits that depend upon sliding or rolling contacts,
resulting in a failure of a safety function;
• Electrical disturbances for example, electromagnetic, electrostatic either from
outside the electrical equipment or internally generated, resulting in the malfunctioning of the machine;
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• Release of stored energy (either electrical or mechanical) resulting in, for
example, electric shock, unexpected movement that can cause injury;
• Surface temperatures that can cause injury.
Safety measures are a combination of the measures incorporated at the design
stage and those measures required to be implemented by the user.
To achieve an appropriate agreement between the user and the provider (s) the
basic conditions and additional user specifications related to electrical equipment, it
is recommended to use the request form, which is shown in Annex B of this part of
EN 60204.
These additional specifications are:
• Providing additional features that are dependent on the type of machine (or
group of machines) and application;
• Facilitate the maintenance and repair;
• Improved reliability and ease of operation.
2.1. General requirements
The general requirements relate to: Selection of equipment; Electrical supply;
Physical environment and operating conditions; Transportation and storage;
Provisions for handling; Installation.
• When selecting electrical equipment electrical components and devices should:
― To be suitable for their intended use;
― To comply with the relevant IEC standards, where they exist;
― Be applied in accordance with the instructions of the supplier.
• The electrical equipment must be designed to work properly in terms of
delivery:
― When AC power – from 0.9 to 1.1 of nominal voltage; at DC power supply –
from 0.85 to 1.15 of the nominal voltage; or
― As defined by the user (see Annex B); or
― As stated by the supplier in case of special power source such as a generator.
• The electrical equipment shall be suitable for the physical environment and
operating conditions of its intended use.
• Electrical equipment shall be designed to withstand, or suitable precautions
shall be taken to protect against, the effects of transportation and storage temperatures
within a range of –25°C to +55°C and for short periods not exceeding 24 h at up to
+70°C. Suitable means shall be provided to prevent damage from humidity, vibration,
and shock.
2.2. Protection against electric shock
The electrical equipment shall provide protection of persons against electric
shock:
• Protection against direct contact;
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• Protection against indirect contact;
― Measures must be taken to prevent electric shock by the use of barriers,
placing out of reach, using obstacles, using construction or installation
techniques with IP protection;
― In public places provision must be made for children resulting in a minimum
requirement of IP4X.
• Protection by the use of Protective Extra – Low Voltage (PELV).
2.3. Protection of equipment
Protection of electrical equipment includes: overcurrent protection; protection of
motors against overheating; abnormal temperature protection; protection against
supply interruption or voltage reduction and subsequent restoration; motor over speed
protection; earth fault/residual current protection; phase sequence protection; protecttion against over voltages due to lightning and to switching surges.
2.4. Equipotential bonding
Each protective conductor connecting point shall be marked or labelled as such
using the symbol; or with the letters PE, the graphical symbol being preferred; or by
use of the bicolor combination GREEN-AND-YELLOW; or by any combination of
these (fig. 1).

PE
Fig. 1. Marking of protective conductor

2.5. Control Circuits and Control Functions
Function "STOP" (Fig. 2) at:
• Operational stop;
• Emergency stop, such as starting an emergency stop to replace all operating
modes and other functions; emergency stop should not be automatically reboot;
• Switching "Emergency Shutdown" only if the risk of electricity.

Fig. 2. Function "STOP"
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2.6. Conductors and cables
Conductors and cables shall be selected so as to be suitable for the operating
conditions (for example voltage, current, protection against electric shock, grouping
of cables) and external influences (for example ambient temperature, presence of
water or corrosive substances, mechanical stresses (including stresses during
installation), fire hazards that can exist.
Protection by insulation of live parts (Fig. 3):
• Conductive parts are completely covered with insulation that can be removed
only by destruction;
• This isolation is able to withstand the mechanical, chemical, electrical and
thermal stresses to which they may be subjected under normal operating conditions.

Fig. 3. Conductors and cables

2.7. Marking, warning signs and reference designations
Когато е уместно системата / машината трябва да бъдат маркирани с всички
задължителни означения и подходящи предупредителни етикети и знаци, и
идентификатори за кабели и т.н. (Fig. 4).

Electrical Shock

Hot Surface

Fig. 4. Warning signs

3. CONCLUSION
BDS EN 60204-1: 2006 / A1: 2009 gives a large number of general requirements
which may or may not be applicable to the electrical equipment of a particular
machine. A simple reference without any qualification to the complete standard BDS
EN 60204-1: 2006 / A1: 2009 e therefore not sufficient. Choices need to be made to
cover all requirements of it.
In order to fulfill the required risk assessment for machinery to choose the
applicable requirements of this standard where they are given alternatives to identify
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alternatives or specific requirements that differ or are not included in the requirements of this standard and to be determined by machine and its use to define
precisely these specific requirements is essential experience.
References:
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APPLICATION OF ADVANCED ROUTING SCHEMES FOR ENERGY
CONSUMPTION OPTIMIZATION IN NOC-BASED ETHERNET
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Abstract: This paper presents an evaluation of the energy consumption obtained by the application
of the smart Dynamic Adaptive Deterministic (DyAD) routing algorithm with respect to the
most popular XY algorithm which is not an energy-saving one. DyAD routing algorithm for
Network on Chip (NoC) combines the advantages of both deterministic and adaptive routing
algorithms. The comparison between the above algorithms is performed by means of the
NOXIM simulator with examples on Torus topology.
Keywords: smart routing algorithm, XY, DyAD, energy consumption, NOXIM

1. INTRODUCTION
The state-of-the art Network on
R1
R2
R3
R4
Chip (NoC) can integrate numeDSP
CPU
DSP
DSP
rous IP cores: DSP unit, RAM,
soft-cores processors, etc. These
R6
R5
R7
R8
blocks communicate each other by
Memory
FPGA
FPGA
applying different routing algo- ASIC
R12
R10
R9
R11
rithms (schemes). The data exchange between the network nodes
I/O
RAM
I/O
I/O
is performed through dedicated
routers labelled by Ri.
Fig. 1. XY routing scheme on Torus NoC topology
In this study, we present two
different routing algorithms used
in routers integrated on NoCs. The first algorithm that will be evaluated is the
simplest and most frequently used routing algorithm, named XY, while the second
one is the most advanced routing scheme called Dynamic Adaptive Deterministic
(DyAD).
2. ROUTING SCHEMES. PROBLEM FORMULATION
Basically, the most popular XY routing algorithm applies a simple principle, as
shown in the example on Fig.1 implemented to the Torus NoC topology [7]. Packet
from the source router R5 must be received on the destination R2 router, so the
packet should travel firstly by X axis and will be received on R6 router. Data flow
paths are shown with dash-line wide arrows on both Fig. 1 and Fig. 2. The router R6
will receive packet from router R5 and then the received packet will be redirected on
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Y axis pointing to the R2 router. Finally, the packet sent from the source router R5
will be received on the destination router R2.
The second algorithm that we evaluate here is the Dynamical Adaptive
Deterministic switching [2], shown in Fig. 2. Actually, this algorithm is an extension
of the Adaptive routing scheme. The adaptive algorithms are working on finding the
shortest path.
Routers Ri can be generally
R1
R2
R3
R4
classified as deterministic and
adaptive. In deterministic rouDSP
CPU
DSP
DSP
ting (also called oblivious rouR6
R5
R7
R8
ting), the path is completely deMemory
termined by the source and the
ASIC
FPGA
FPGA
destination addresses.
R12
R9
R10
R11
On the other hand, a routing
technique is called adaptive if,
I/O
RAM
I/O
I/O
given a source and a destination
Monitors the traffic
addresses, the path taken by a
particular packet depends on
Fig. 2. DyAD routing on Torus NoC topology
dynamic network conditions,
e.g. congested links due to the traffic variability. The main advantage of using
deterministic routing is its simplicity of the routers design. Because of the simplified
logic, the deterministic routing provides low latency when the network is not
congested. However, as the packet injection rate increases, deterministic routers are
likely to suffer from throughput degradation, as they are unable to respond
dynamically to the network congestion [8]. In contrast, the adaptive routers avoid
congested links by using alternative routing paths which leads to higher throughput.
However, due to the extra logic needed to decide on a good routing path, the adaptive
routing shows higher latency at low levels of network congestion.
Currently, the most frequently used scheme integrated in the routers Ri is the XY
algorithm. XY algorithm was suggested for basic communication in the computer
networks, so it has been optimised to be used in NoCs. Some of the advantages of the
XY routing scheme is that it is deterministic and because of its relative simplicity.
Obviously, XY routing scheme is a minimal path routing algorithm and is free of
deadlock and livelock [1]. Unlike deterministic routing, where the routing path is
fixed once the source and the destination addresses are given, the adaptive routing
offers packets more flexible in choosing their routing paths, if multiple routing paths
exist. However, when using adaptive routing, caution must be taken in order to solve
the deadlock problem, which may be caused by packet waiting for each other in a
cycle.
Starting from these observations, we apply routing algorithms that require no
virtual channels for NoC. To be deadlock free, the routing algorithm needs to prohibit
at least one turn in each of the possible routing cycles. In addition, in order to
preserve its adaptivity, it should not prohibit more turns than necessary [6].
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In this paper we propose an application of the DyAD algorithm for NoC. The
advantage of this algorithm is that it combines both deterministic and adaptive
routing schemes. While using DyAD routing algorithm, each router Ri in the NoC
monitors its local network load and make decisions based on this information. When
the NoC network is not congested, a DyAD router works in deterministic mode, thus
enjoying the low routing latency enabled by deterministic routing. On the contrary,
when the network becomes congested, the DyAD router switches back to the adaptive
routing mode and thus avoids the congested links by exploration other routing paths.
It leads to higher network throughput which is highly desirable for NoC-based
applications. To propose a valid approach, we also show how to obtain freedom from
deadlock and livelock [1] that can be guaranteed when mixing deterministic and
adaptive routing modes into the same NoC.
3. RESULTS
3.1. Simulator overview
We used the Noxim simulator [3], [5] to calculate the average latency, average
throughput, and dynamically consumed energy. The simulator is written in SystemC,
a system description language based on C++, originally developed at the University
of Catania, Italy. Basically, there are two types of NoC network simulator approaches
to design the simulator software application: (1) cycle based, and (2) event-driven
simulators. In our case, we use a cycle based simulation.
We will evaluate Torus NoC topology after different workload. To evaluate the
NoC performance we use synthetic workloads [4]. In synthetic traffic, the source and
destination node patterns are typically driven by stochastic bit-complement injection
process. The spatial characteristics of the source and destination node patterns and the
temporal characteristics of the bit-complement random injection process are intended
to model the characteristics of realistic workloads.
So, there are different types of synthetic patterns used in NoC design includes the
following cases about the traffic loads: (1) Uniform Random: Here, the source and
destination nodes are chosen via a uniform random process. The load is balanced,
because the source and destination coordinates are uniformly distributed, although the
random process that generates the coordinates may cause transient hotspots; (2)
Transpose: In transpose traffic, the destination coordinates are the transpose of the
source coordinates. Under this load the network’s diagonal bisection is a bottleneck
as all packets must cross it. The transpose traffic, in combination with the Dimension
Router Ordering (DOR) algorithm commonly found in NoC’s, produces a highly
imbalanced network load. In transpose traffic, the links located counter-clockwise
from the centre of the mesh are utilized while he clockwise links remain unused;
(3)Bit-complement: In this traffic load, the destination coordinates are the bit-wise
inversion of the source coordinates. This load stresses the horizontal and vertical
network bisection. Under this load DOR statically spreads traffic across all of the
bisectional links, providing a perfectly balanced network load.
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3.2. Simulator scenarios
Here, the simulations are performed using the Noxim simulator. As it has been
mentioned above, we examine just Torus topology as it is among
among the most known and
frequently used for NoC. Different scenarios are applied for simulations, which are
given as follows:
1. Torus k=16, n=2 topology, e.g. 16x16 was evaluated for average throughput
and average latency with bit-complement traffic under fixed
ixed packet size and
variable injection rate.
rate. XY routing algorithm and DyAD routing algorithm are
used in this case.
2. Torus with k=16, n=2 topology e.g. 16x16 was evaluated for global average
throughput and global average latency with bit-complement
complement traffic patterns
under fixed packet size under different injection rate. XY routing algorithm
and DyAD routing algorithm are used here.
3. Torus with k=16, n=2 topology e.g. 16x16 topology was evaluated for energy
consumption and average throughput
t
with bit-complement
nt traffic patterns,
fixed packet size,, and variable injection rate. XY routing algorithm and DyAD
routing algorithm are used in this case.
Sample Noxim simulation outputs for Torus 16x16 XY and DyAD routings are
shown in Fig. 3.

Fig. 3. Sample sim outputs Torus 16x16: XY routing (left), DyAD routing (right)

3.3. Numerical results.. Major parameters calculation
Below, the most important NoC parameters are calculated and shown as plots to
make a comparison between the XY and DyAD routing
routing algorithms.
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Fig. 4 gives the plots of the offerted
offerted traffic vs. the average latency of the netwotk,
while Fig. 5 presents the global throughput vs. global average latency for Torus
16x16 topology. Both the plots on Fig. 4 and Fig. 5 are identical due to the physical
proximity of the measured parameters.

Fig. 4. Offerted traffic vs. average latency
vs. Torus 16x16

Fig. 5. Global average throughput
global average latency Torus 16x16

Fig. 6. Total energy vs average througput for
XY and DyAD routing schemes (Torus 16x16)

Fig. 7. Offerted traffic vs. injected rate for
XY and DyAD routing schemes (Torus 16x16)

The Fig. 6 plot gives the total energy vs average througput and Fig. 7 – the offerted
ted traffic vs. the injected rate of the network for the Torus 16x16 case.
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Table 1 represents numerical data for all major network parameters, obtained as a
result from the simulation with Noxim. As for the above plots, the simulations have
been run for Torus 16x16 topology and both routing algorithms: XY and DyAD.
4. CONCLUSION
As it is seen from the plots and numerical data, Torus topology with DyAD has
lower average latency of the packets vs. offered traffic. Also we can notice that Torus
with DyAD routing algorithm consumes more energy than with XY algorithm. But,
each NoC topology has different engineering application, so the average latency and
average throughput are tested with different traffic patterns that mean every NoC
topology is application specific. The next research objectives assume an implementation of the above NoC topologies on programmable logic devices and measure
the resulted parameters with different routing algorithms.
Table 1
GLOBAL
TOTAL
TOTAL
ROUTING
INJECTION
AVERAGE
RECEIVED RECEIVED
RATE
ALGORITHM
DELAY
PACKETS
FLITS
(CYCLES)

TRAFFIC BIT
REVERSAL
Routing XY

TRAFFIC BIT
REVERSAL
Routing DYAD

GLOBAL
AVERAGE
THROUGHPUT
(FLITS/CYCLE)

TROUGHPUT
(FLITS/CYCLE/IP)

MAX
DELAY
(CYCLES)

TOTAL
ENERY
(J)

DYNAMIC
ENERGY
(J)

STATIC
ENERGY
(J)

0.001

2302

4607

23.2

0.002

0.0019

68

6.66E-05

3.70E-07

6.62E-05

0.01

22711

45420

25.332

0.017

0.019

147

6.99E-05

3.67E-06

6.62E-05

0.025

45348

90699

393.821

0.03

0.04

8180

7.33E-05

7.09E-06

6.62E-05

0.05

50246

100493

595.666

0.05

0.06

9869

7.29E-05

6.75E-05

6.62E-05

0.075

54021

108046

845.722

0.07

0.07

9630

7.27E-05

6.53E-06

6.62E-05

0.1

56477

112953

814.561

0.09

0.1

9439

7.28E-05

6.56E-06

6.62E-05

0.25

74812

149625

1484.22

0.2

0.22

9475

7.28E-05

6.59E-06

6.62E-05

0.5

80839

161680

2673.62

0.21

0.23

9653

7.24E-05

6.21E-06

6.62E-05

0.75

84133

168266

3344.15

0.18

0.2

9787

7.30E-05

6.78E-06

6.62E-05

1

84451

168903

3670.25

0.17

0.19

9812

7.29E-05

6.72E-06

6.62E-05

0.001

2221

4441

23.56

0.0019

0.0019

65

6.66E-05

3.61E-07

6.62E-05
6.62E-05

0.01

22952

45908

24.948

0.018

0.019

82

6.99E-05

3.73E-06

0.025

50589

101176

186.133

0.03

0.04

9181

7.39E-05

7.65E-06

6.62E-05

0.05

64858

129715

368.165

0.06

0.06

9487

7.45E-05

8.25E-05

6.62E-05

0.075

71706

143410

571.775

0.08

0.09

9631

7.47E-05

8.52E-06

6.62E-05

0.1

76743

153483

624.802

0.12

0.13

9354

7.48E-05

8.65E-06

6.62E-05

0.25

95619

191236

1398.88

0.23

0.26

6147

7.50E-05

8.82E-06

6.62E-05

0.5

103500

207000

2636.93

0.25

0.28

7623

7.54E-05

9.18E-06

6.62E-05

0.75

103500

207000

3255.41

0.26

0.29

8120

7.55E-05

9.25E-06

6.62E-05

1

103500

207000

3573.28

0.26

0.29

8371

7.54E-05

9.24E-06

6.62E-05
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Abstract: Nowadays, when Networks on Chip (NoC) based single-chip networking devices are
designed to achieve maximum performance, appropriate methods for testing should be
developed. Performance of the NoC-based Ethernet smart switches has been rapidly improved
and they are required to fulfill some requirements like lowest possible time delay and overall
latency, an increased traffic speed through the network switch, and also an increased
bandwidth and throughput. The state-of-the-art methods for simulation and performance
evaluation results of some basic NoC’s topologies are presented here.
Keywords: NoC, average latency, average throughput, network simulators

1. INTRODUCTION
In this paper an overview of the basic and most commonly used topologies will be
presented. Evaluation of the basic parameters like average latency and average
throughput of the NoC will be made. NoC structures can integrate various IPs on a
single silicon chip given on Fig. 1. A resource
DSP
FPGA
can be a soft processor core, hard processor,
CPU
core
module
DSP core, FPGA block, other dedicated unit
such as mixed-signals block, or a memory block
DSP
Memory
ASIC
(RAM, ROM, etc). Fig. 2 shows a basic 4X4
core
NoC topology, where communication between
I/O
I/O
the participating blocks is performed through
RAM
block
block
the associated router nodes Ri.
R1

Fig. 1. Sample basic NoC architecture
DSP

2. PROBLEM STATEMENT

R2
CPU

R5

R3
DSP

R6

R4
DSP

R7

R8

Many topologies has been proASIC
Memory
FPGA
FPGA
posed for NoC, but the most used
R1
R1
R1
R9
topologies are that which use
2
0
1
I/O
I/O
I/O
RAM
shared arbitrated bus, or said in
other words: topology that share
Fig. 2. 4X4 NoC topology
same transmission medium. The
advantages of the shared-bus
architecture are simple topology, low area cost and extensibility. In this paper an
overview of the basic topologies of NoCs given in Fig. 3 will be made.
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Mesh-based
based interconnect architecture have been proposed by Kumar [3] and
Dally [2].
]. These architectures consist of m x n mesh of switches interconnecting
computational resources (IPs) placed along with the switches [5]. Each switch is
thereby connected to four neighboring switches and one IP block – Fig. 3a. In this
case, the number of switches is equal to the number of IPs. Dally and Towles [2]
proposed the use of a Torus
orus interconnect architecture-Fig.3b.
architecture Fig.3b. A variation of the Torus
architecture, which eliminates the use of long wrap-around
wrap around wires, is called a Folded
Torus. Saastamoinen [7]] describes the design of a reusable switch tailored for SoCs
implementation. The interconnect architecture is however not specifically discussed.

Fig. 3a. Mesh-based
based (CLICHÉ) NoC topology

Fig. 3b. Torus NoC architecture

Network topology refers to the organization of the shared router nodes and
channels in an on-chip
chip network. The topology of a NoC can be compared to a
roadmap. The channels (similar to roads) transport packets (similar to vehicles) from
one router node (crossing)
ssing) to another [2]. A good topology utilizes the features of the
existing packaging technology to achieve required application bandwidth and latency.
Choosing a network topology is the principal step in designing a network as the
routing strategy and flow-control
control methods are governed heavily by the topology.
Deciding on a topology also helps in designing of the router to be used in the NoC, as
clarified in [5]. The ways in which the different nodes in a network are connected and
communicate with each other
other are controlled by the network topology. Some of the
topologies for NoC are Mesh and Torus, which are specifically discussed bellow.
A. Mesh NoC topology. This architecture is the most common among all interinter
connection topologies where each router, apart from those at the edges, is linked to
four adjoining routers and one computation resource (IP), by means of communicommuni
cation channels. It allows incorporation of large number of IP cores in a regularregular
shape structure. Fig.3a shows a 4x4 mesh NoC with 16 IP blocks.
b
B. Torus NoC topology. The Torus architecture, as shown in Fig. 3b, is fundamentally similar to the Mesh
esh one except that the routers at the edges are linked to the
routers at the opposite edge through folded channels. Every router has five ports, one
linked to the computational resource and the others linked to the closest neighboring
routers. Unfortunately, the long fold-around
fold around connections may generate excessive
delays.

202

15.09.16 – 16.09.16, Sofia, Bulgaria

3. RESULTS
3.1. Simulator overview
We used Booksim2.0 simulator available at https://github.com/booksim/booksim2
to calculate the average latency and average throughput. The simulator is written
C++. Originally, Booksim2.0 simulator was made for the book “Principles and
Practices of Interconnection networks” from Dally and Towels [2]. Basically, there
are two types of network simulator approaches to design the simulator software
application: (1) cycle based and (2) event-driven simulators. In our case we are using
cycle based simulation.
We will evaluate NoC topology after different workload. To evaluate the NoC
performance we are using synthetic workloads. In synthetic traffic, the source and
destination node patterns are typically driven by stochastic uniform random injection
process. The spatial characteristics of the source and destination node patterns and the
temporal characteristics of the uniform random injection process are intended to
model the characteristics of realistic workloads.
So, there are different types of synthetic patterns used in NoC research and the
design includes the following cases about the traffic loads:
1. Uniform Random: In the uniform random traffic, source and destination nodes
are chosen via a uniform random process. The load is balanced because the source
and destination coordinates are uniformly distributed, although the random process
that generates the coordinates may cause transient hotspots;
2. Transpose: In transpose traffic, the destination coordinates are the transpose of
the source coordinates. Under this load the network’s diagonal bisection is a
bottleneck as all packets must cross it. The transpose traffic, in combination with the
Dimension Router Ordering (DOR) algorithm commonly found in NoCs, produces a
highly imbalanced network load. In transpose traffic, the links located counterclockwise from the centre of the mesh are utilized while he clockwise links remain
unused.
3.2. Simulator scenarios
Here, the simulations are performed using the Booksim2 simulator. As it has been
mentioned above, we examine just the two most known and frequently used
topologies for NoCs. Different scenarios are applied for simulations, which are given
as follows:
1. Torus k=8, n=2 topology e.g. 8x8 was evaluated for average throughput and
average latency with uniform traffic patterns under fixed packet size and
variable injection rate. Number of Virtual Channel was preset to 10, and the
depth of the buffer for each virtual channel is 16. DOR order routing applied.
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2. Torus with k=8, n=2 topology e.g. 8x8 was evaluated for average throughput
and average latency with transpose traffic patterns under fixed packet size
under different injection rate.
rate. Number of Virtual Channel was preset to 10, and
the depth of the buffer for each virtual channel is 16. DOR order routing is
applied.
3. Mesh with k=8, n=2 topology e.g. 8x8 topology was evaluated average
throughput and average latency
latenc with transpose traffic patterns,
patterns variable packet
size, and variable injection rate.
rate. Number of Virtual Channel was preset to 10,
and the depth of the buffer for each virtual channel has been preset to 16. DOR
routing is used in this case.

a) Mesh 8x8 topology

b) Torus 8x8 topology

Fig. 4. Average packet latency (cycles) vs offered traffic (flits/cycle/node) for both examined
NoC’ss topologies: a (left) - Mesh 8x8; b (right) - Torus 8x8

The average packet latency vs the offered traffic is shown in Fig. 4 for both
NoC’ss topologies under examination: Mesh 8x8 (left) and Torus 8x8 (right). The
correspondent simulation outputs for both scenarios are given in Fig. 5, respectively.
Numerical results for various network parameters from the above scenarios run
with the simulator Booksim2 are shown in Table 1.
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Fig. 5. Sample simulation outputs for Torus 8x8 (left) and Mesh 8x8 (right) topologies

A comparison plot about the average latency between the Mesh 8x8 and Torus
8x8 topologies is shown in Fig. 6.

Fig. 6. Comparison of the packet latency between the Torus 8x8 and Mesh 8x8 topologies
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Table 1

Injection
rate(IJR)

No of VC
buff
size(VCBS)

0.0025
0.0025
0.0025
0.0025
0.0025
0.005
0.005
0.005
0.005
0.005
0.0075
0.0075
0.0075
0.0075
0.005

16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

0.0025
0.005
0.0075
0.009
0.0075

16
16
16
16
16

Injected
Flit
latency
average
(IJFLA)

Accepted
flit rate
average
(AFRA)

0.012
0.024
0.024
0.04
0.06
0.02
0.04
0.07
0.09
0.12
0.035
0.07
0.1
0.14
0.14

0.012
0.024
0.024
0.04
0.06
0.02
0.04
0.07
0.09
0.12
0.035
0.07
0.1
0.14
0.14

0.04
0.09
0.14
0.17
0.14

0.049
0.09
0.14
0.17
0.14

No of
VCs
(NVC)

Packet
latency
average
(PLA)

Network
latency
average
(NAL)

Flit
latency
average
(FLA)

Fragmentation
average (FA)

Mesh 8x8 transpose traffic patterns
10
31.17
31.16
27.08
10
35.6
35.52
26.3
10
43
42
27.76
10
50
49.78
29.06
10
58.9
57.78
30.31
10
31.4
31.35
27.27
10
38.5
38.31
28.21
10
49.33
48.81
31.35
10
62.77
61.85
35.3
10
105.2
102.82
55.64
10
31.04
30.98
26.74
10
40.74
40.39
29.49
10
61.53
60.52
36.95
10
133.45
129.16
83.49
10
121.74
128.2
68.75
Torus 8x8 uniform traffic patterns
10
50.57
50.17
28.21
10
55.88
54.603
30.02
10
64.23
61.93
33.69
10
74.4
69.98
37.79
10
64.23
61.93
33.69
Injected Accepted
packet
Packet
Hops
Total run
size
size
average
time (TRT)
average
average
(HA)
(IJPSA)
(APSA)
Mesh 8x8 transpose traffic patterns
5
4.99
6.25
0.76
10.01
9.99
5.97
0.97
15.01
15.03
6.18
1.01
20
20.05
6.28
1.22
24.99
25.08
6.11
1.45
5
4.99
6.29
0.86
10
10
6.33
1.15
14.99
14.99
6.54
1.48
19.96
19.96
6.23
1.81
24.96
25.06
6.27
3.38
5
5
6.12
1.05
10
9.97
6.41
1.59
14.98
14.99
6.27
2.5
20.01
19.96
6.12
4.93
29.96
29.81
6.29
2.96
Torus 8x8 uniform traffic patterns
19.98
0.049
5
1.06
19.96
19.92
4.97
1.47
20.001
19.99
4.97
2.89
19.99
19.98
4.92
2.57
20.001
19.99
4.97
2.89

0.11
0.61
1.85
3.56
7.19
0.15
1.9
6.4
15.45
44.04
0.41
3.54
18.1
51.29
65.44
5.13
9.58
16.28
23.22
16.28

Injected
packet size
average
(IJPSA)
5
10
15
20
25
5
10
15
20
25
5
10
15
20
30
20
20
20
20
20

206

15.09.16 – 16.09.16, Sofia, Bulgaria

4. CONCLUSION
As it is seen from the results given on the plot in Fig. 6, and the numerical data
from Table 1, Torus topology has better (lower) average latency of the packets vs.
offered traffic. But, every NoC topology has different engineering application, so the
average latency and average throughput are tested with different traffic patterns,
which means that every NoC topology is application specific. Future research
direction is to describe the discussed NoC topologies with Verilog HDL and to
implement them on programmable logic devices. Thus, we will be able to test these
cases directly on the target hardware and to measure the average latency physically.
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Abstract: The article examines the work of a converter that synthesizes sinusoidal voltage supply to
the active-inductive load through method of controlled high-frequency pulses with sinusoidal
pulse-width modulation. High frequency semiconductor key elements of the converter switched
at zero current, i.e. with reduced switching losses, each high-frequency pulse transmitted to the
load range specified quantity / dose / energy. The linear dependence on active power in load to
the first harmonic amplitude of load voltage and regulation angle respectively is achieved.
Simulations on the operation of the converter to achieve a sinusoidal voltage in the converter
output are carried out. Simulink model of the investigated converter is composed.
Keywords: simulation, converter, PWM, power losses, model, SIMULINK

1. INTRODUCTION
Pulse width modulation PWM is used in a variety of applications including
sophisticated control circuitry [1, 2 and 3]. PWM is used in many industrial mostly
for controlling the voltage of the DC –AC converters using the full bridge mode
PWM feature. PWM been widely used for control of AC motors [4]. The main
advantage of PWM is that power loss in the switching devices is very low. When a
switch is off there is practically no current, and when it is on and power is being
transferred to the load, there is almost no voltage drop across the switch. Power loss,
being the product of voltage and current, is thus in both cases close to zero [6].
High frequency PWM power control systems are easily realisable with semiconductor switches. Almost no power is dissipated by the switch in either on or off
state. However, during the transitions between on and off states, both voltage and
current are nonzero and thus power is dissipated in the switches. By quickly changing
the state between fully on and fully off (typically less than 100 nanoseconds), the
power dissipation in the switches can be quite low compared to the power being
delivered to the load. Modern semiconductor switches such as MOSFETs or
insulated-gate bipolar transistors (IGBTs) are well suited components for highefficiency controllers. By switching voltage to the load with the appropriate duty
cycle, the output will approximate a voltage at the desired level. The switching noise
is usually filtered with an inductor and a capacitor or both. There are more
sophisticated methods to eliminate harmonics [5, 7].
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2. MODEL OF THE SINUSOIDAL VOLTAGE INVERTOR
The first step in this work was to create the model of the inverter.
The circuit model of the studied sine voltage inverter is shown in Fig. 1.
In this case the studied system consists of the following blocks: high-frequency
inverter, switch, filter-load [2].
iDK

iCf

iT 1
C1 iC1

D1

D3

E

LK
iC 2
C2

D7

T3

D2

T2

T5
iK
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iLK
D4

T1

D5

D8

D6

T6

Cf

TР −Р

R

iR'L'

Cf 1
T4

iCf 1

iRL L
iLf
Lf

Fig. 1. Circuit model of the studied invertor

The high-frequency inverter includes elements: power source E; switching /
dispensing / capacitors  and  / =  /; switching inductance  ; transistors 
and  ; reverse diodes  and  ; dosing diodes  and  .
The commutator consists of a bridge rectifier / diode  ÷  / and bridge inverter / IGBT modules  ÷  and the corresponding set diodes diode -  ÷  /. The
inverter operates at a voltage load frequency of 50Hz.
The filter contains the elements: inductance  ; capacitors  and  , respecttively.
Active-inductive load / elements R and L / connects via a separating transformer
to the converter.
3. ANALYSIS OF THE SINUSOIDAL VOLTAGE INVERTOR

A control signal  is produced by Sinusoidal Pulse Width Modulation /SPWM/
[2].


The period of this signal perform equality.  = ~ . ~ and ~ /~ = / are


~

respectively the period and frequency of low frequency sinusoidal voltage, supplied
to the active-inductive load.
Voltages  and  are voltage pulses respectively of transistors  and  of
high frequency inverter / HFI /. The pulses have frequency f and period T. They are
submitted to the  and  in time slots. The frequencies fulfill the condition ≫ ~ .
Control voltages for  and  are obtained from a high-frequency pulse
generator. Authorizing the operation of the generator is positive front of the control
signal  . Each control pulse supplied to the transistors  and  , contained in one
time interval is marked with its starting point   = 1 ÷ ,  = 2", " = 1 ÷ ∞$.
For  are submitted pulses with odd number, but for  - even number j.
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Control system of converter always monitors a count on high-frequency pulses
 and  for one time interval of SPWM control signal to be equal numbers.
Low-frequency bridge inverter / LFBI / work synchronously with SPWM signal
 .
IGBT modules T3, T4; T5, T6 are controlled respectively by impulses
 ,  ,  and  ( ≡  ,  ≡  $ with period ~ and filling
50%. Couples of elements (T3, T4 and T5, T6) work opposite (anti-tact).
Currents *  , *  in transistors ,  , the current through the switching inductance
 respectively have oscillatory nature.
Voltages + , + of the capacitors  ,  immediately following the first half
period of the operation of HFI are amended in the range of 0 to the level of the power
source E. The voltages fulfill the condition
+ + + = -

1$

The capacitors  ,  are diluted from E to 0 respectively, when the transistors 
is turned on and  is turned off, respectively. The charge of capacitors  ,  from 0
to power source E is performed at turning on transistors  and  is turned off,
respectively.
In every discharge capacitor gives a precise quantity / dose / energy .+ , defined
by the expression (2), which by the end of the corresponding half period from the
work of HFI is transferred to the blocks filter-loads.

 . - 
.+ =
2$
2
The bridge rectifier /D5 ÷ D8/, from the block converter, confronts current */ ,
flowing through the commutation inductance  of HFI
and converts it in the form *2

*/ = *  − * 

*2 = *  + * 

3$

4$

The process of straightening guarantees zero initial conditions for currents, when
transistors  ,  are switched of HFI.
The low-frequency bridge inverter LHBI is worked synchronously with control

signal  . LHBI inverts the current by intervals ~ in response to a half-period of low

frequency sinusoidal voltage in inverter load.
LHBI converts the current *2 in kind of* . The current * is periodical and has
period ~ . Each of high frequency current impulses, including in positive and
negative half-wave of current * , is connected with a precise quantity / dose / energy
.+ , transferred to the blocks filter-loads.
The energy of the high-frequency pulses of individual half-cycle of * is initially
accumulated in the filter capacitor  . The current is the sum of low -frequency
harmonic component at a frequency ~ on which are superimposed high-frequency
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pulses, corresponding in time to those of the current. * Filter inductance  converts
the energy of high-energy pulses of low frequency harmonic mode characteristic of
filter-blocks load. The current */ has a sinusoidal shape and frequency ~ .
The capacitor  is required for further filtering the voltage supplied to the activeinductive load, whereby it acquires the required sinusoidal shape.
The analysis of the processes in the scheme (Fig. 1) is carried out in consideration
of semiconductor elements such as ideal keys.
The processes in the scheme of converter (Fig. 1) for the moment, in which the
transistor T1 is opened, a T2 is clogged and operates one of the pairs IGBT modules
/T3, T4 or T5, T6/ are described by system of integral-differential equations /IDE/
(5).
*  = *+ + *+
4 


4
4

5678
59

5678
59

+ +8 = +

+ +8 + + = -

*+8 = *  − */ : ; A
9

+8 =
=9 *+8 >
+ <8

+ = - −
+ =

?

 9
= * >
+8 9? +
 9
= * >
+@ 9? +

5$

The initial conditions for the elements of HFI are + : ; = - , + : ; = 0 and
*  : ; = */ : ; = 0 .
The initial conditions for the elements of filter-block load are accepted the
instantaneous values for  =  of voltages +8 : ;, + : ; and currents
*/ : ; and *D/ : ;.
Solutions for variables + $, */ $, *D/ $ are obtained by analysis of sinusoidal
mode in blocks filter-load.
For the moment, the scheme reflects the process, that the contour of HFI,
consisting of the elements  ,  E>  brings a dose of energy in block filter-load.
The case, in which T2 is opened and T1 is clogged and works with either pair
IGBT modules is completely analogous to those described by IDE (5).
4. RESULTS OF SIMULATION
The simulations of invertor with MATLAB software package are performed.
Simulink toolbox from the package is used. The Simulink model is shown in Fig. 2.
The Simulink model consists of high-frequency inverter, commutator, separating
transformer, filter, active-inductive load and control block.
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The high-frequency inverter contains of power source; the models switching
/dispensing/ capacitors, switching inductance, transistors, reverse diodes and dosing
diodes. The commutator contains models of bridge rectifier and bridge inverter.

Fig. 2. Simulink model of the studied system
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The filter contains the elements: inductance and filtering capacitors for alternative
current and first harmonic of voltage.
The simulations are performed at different parameters of load / resistance and
inductance/ and different power of consumer.
The nominal full power of investigated inverter is 600 VA. The load connected to
the output is changed from pure active to active-inductive.
Voltages  ,  and currents * , * , obtained from a high-frequency pulse
generator, are shown in fig. 3.
Transient process for forming of the sinusoidal voltage in load are shown in fig. 4.

Fig. 3. Voltages and currents in commutated transistor T1 and T2 in HFI

The currents in filtering inductance  and capacitance  are shown in fig. 5.
They are not pure sinusoidal.
If it does not provide for additional measures to eliminate of harmonics,
investigated inverter will not correspond to the highest requirements for electromagnetic compatibility, provided in Bulgarian and International standards for this class of
devices [8, 9 and 10].
Fig. 4. Transient process for forming of the sinusoidal voltage
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Fig. 5. Graphics of currents in filtering inductance  and capacitance 

As a result of mutual compensation of inductance and capacitance and the action
of the additional smoothing function of the separating transformer of the inverter
output current through the load is sinusoidal.
The obtained almost of an ideal sinusoidal voltage trough active-inductive load
and output current in divided transformer are shown in Fig. 6.

Fig. 6. Sinusoidal voltage trough active-inductive load and output current in divided transformer

5. CONCLUSION
The simulation model of the sinusoidal voltage invertor is created.
As a result of the analysis and simulations, obtained through the program package
MATLAB 7.1 is proven the capabilities of the inverter for the synthesis of sinusoidal
output voltage.
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Obtaining of an ideal sinusoidal voltage leads to a significant reduction of
harmonics in the load of the converter. This ensures low level of electromagnetic
interference and improves electromagnetic compatibility.
Switching semiconductor elements of high-frequency inverter is performed at
zero current, by using high-frequency current impulses, controlled by SPWM signal.
The energy supplied from the high-frequency inverter in the process of
synthesizing of the sinusoidal output voltage is dosed. By this dosing, the power
losses in the power controllers, divided transformer and filtering inductance are
minimal.
The analysis and simulations allows determining the parameters of the sinusoidal
mode in blocks of control and filter-load.
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Abstract: The paper deals with study of electric field impact on the environment in the vicinity of a
power line. The field around 400 kV power line has been studied for a number of environment
configurations, distinguished by the presence and location of different objects such as people,
trees and buildings. Special attention was paid to the modeling of human body, whose parts are
presented by domains with different electromagnetic properties. The time-harmonic field has
been numerically modelled using finite element method, taking into account media properties
and 1200 phase shifting between the three-phase time varying currents. The investigation was
carried out in order to obtain electric field distribution and estimate its effect on the life nature
and people, located in the proximity to the power line. For this purpose, during the study, the
positions of the mentioned objects have been changed and electric field variation along the
specific lines of observation has been determined and analyzed.
Keywords: FEM modelling, electric field, power line, environmental impact

1. INTRODUCTION
The impact of low frequency electromagnetic fields, created in the vicinity of
high voltage facilities, on the living nature and technical equipment is subject of
many investigations and publications [1-4]. Especially great is the interest in the
evaluation of the intensity level of the electromagnetic field, generated around the
power transmission lines in urban areas. The reason for such attention is the possible
harmful effects caused on the surroundings, as there are many, widely known to the
public facts, confirming the negative and often dangerous effects of these fields on
the humans, animals, plants and reliability of various devices and apparatus. For
example, there are evidences that these fields adversely affect brain and heart activity
of people, the normal stages of plant growth, the life cycle of bees and many other
animals. This is a consequence of the ability of electromagnetic field to change the
bio-current characteristics of the central nervous system and the normal maturation of
cells of living organisms [5]. In addition, the reliability and accuracy of different
equipment, especially the measuring apparatus can also be negatively influenced. In
order to reduce the risk impacts of the electric and magnetic field, standards for
permissible levels of each of the two fields (for electric field values and magnetic
field values) respectively are set. These limits are divided into limits in case of shortterm and in case of long-term exposure.
The goal of the present work is modelling and investigation of electric field
distribution in vicinity of a power line. The main idea is using correct field modelling
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to determine the field impact of the on the human body depending on the location of
the person (in relation to the line) and presence of other objects (threes and buildings)
that can have a shielding effect.
In some similar studies, are used analytical expressions for the solutions, which
are based on the Gauss law, method of images and superposition of the fields. Such
approaches usually involve a lot of idealizations and do not allow examining the real
environment, taking into account the existence of other material objects in the
investigated regions. In the present work, field distribution has been numerically
modelled using finite element method (FEM) and commercial software package
QuickField 5.6. Using this numerical method for solving of the task makes it possible
to take into account the real environment and distortions of the field distribution due
to the presence of objects with different material properties. The field quantities and
characteristics can been easy obtained at any point of observation.
2. DESCRIPTION AND MATHEMATICAL FORMULATION OF THE STUDIED PROBLEM
2.1. Problem description
A principal scheme, illustrating the considered problem - determination of the
electric field, generated by the power line and its effect on the human is shown in
Fig.1. In order to examine different geometric options and to obtain specific field
dependencies, the analysis is carried out using parameterized model of the geometry
of the studied area. An important emphasis of the task formulation is definition of
the distance

l dist

between the man and the power line and the monitoring of electric

field distributions along the line at the height hobserv , corresponding to the human
head.

h observ.

l dist.

Fig. 1. Power line and a person located at a distance l dist of it
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The three-phase 400kV, 50 Hz power line (Fig.2) consists of three conductors of
circular cross section (radius ro ) with time varying currents, shifted in phase by 1200
and with distance D between the conductors. The study region shown in Fig. 2
includes a person located at distance l dist and a tree at a distance lthree of the line.
r0
D

D

l dist.
l tree
h line

Observation
line

y

h observ.

z
x
0
Fig. 2. Principal geometry of the studied region

2.2. Mathematical formulation
The problem of electric field distribution in the vicinity of the power line is
considered as time-harmonic and two-dimensional, in plane xOy. It should be noted
that such consideration is acceptable, as crucial to the analysis are especially the field
changes in the plane xOy. This can be said because the field source is directed
radially to the power line and does not change along the axis Oz, while the
deformation of the field due to additional objects in its vicinity, is primarily in the
plane xOy. However, the authors intend to solve the problem in the subsequent
studies as 3-dimensional.
The problem is solved using AC (time-harmonic) conduction analysis. The
mathematical formulation is based on the using of complex values of scalar electric
→

potential V& and electric field density E& , taking into account the relation:
→

E& = −∇V&

(1)

The governing equation describes distribution of the time harmonic electric field
in regions with dielectric permittivity ε, conductivity γ and angular frequency ω.

jγ


∇ (ε − )∇V&  = 0 ,
ω



(2)
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3. ELECTRIC FIELD MODELLING USING FEM
Numerical investigations of the electric field distribution have been made using
FEM and QuickField 5.6 software package [6].
Study was carried out for different environment configurations:
1) Electric field around the line without additional objects;
2) Electric field in case of human presence just under the power line;
3) Electric field in case of human presence at a certain distance from the line;
4) Electric field in case of presence of both - human and a tree at the same time.
In each of the investigated cases was analyzed 40 m wide zone in the vicinity of
the power line. Determined are map of field distribution and the electric field density
along the line of observation. Of particular interest is the field around the human
body and especially the head. In the modeling of the human body, its parts are
presented by domains with different electromagnetic properties, shown in Table 1.
Table 1
Part of
human body
εr
γ [S/m]

Brain

Lungs

Liver

1,21 107
0,7

5,76 106
0,1

1,83 106
0,1

Digestive
organs
1,68 107
0,03

Legs
(muscles)
1,77 107
0,1

Other
tissues
1,11 107
0,02

3.1. Electric field around the power line without additional objects
In Fig. 3 is shown potential distribution and field values at a selected point just in
the middle of observation line. Map of electric field density distribution in the
investigated region when there are no additional objects in the vicinity of the power
line is shown in Fig. 4.

Fig. 3. Electric field potential distribution - case of no additional objects under the line

Electric field strength along the observation line (at the height of human head) is
presented in Fig. 5. It can be seen that the electric field density just below the line has
a smaller value than in the zone slightly away from it. The maximum value on the
observation line is about 2400 V/m and it is displaced away at about 6 m distance.
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Fig. 4. Electric field density distribution in the studied region - case of no additional objects.

Fig. 5. Electric field along the line at the height of human head - case of no additional objects.

3.2. Electric field in case of human presence just under the power line
Map of electric field density distribution in the investigated region in case of
human presence just under the power line is shown in Fig. 6. As it can be seen the
map differs from that in the variant without human presence. The field strength
increased around the human’s head and its value is 1699V/m (compared 1295 V/m,
when person is missing). The change of the field along the line of observation is
shown in Fig. 7 when again is observed a different field distribution.

Fig. 6. Electric field density distribution in case of human presence just under the power line
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Fig. 7. Electric field along the observation line - human presence just under the line

3.3. Electric field in case of human presence at a small distance from the line
In Fig. 8 is shown electric field density distribution in the investigated region in
case of human presence at 10m distance from the line.

Fig. 8. Electric field density in case of human presence at a small distance from the line

As can be seen from Fig. 9, the electric field variation along the observation line
is significantly changed and the values in the head area are much bigger – 4619 V/m.

Fig. 9. Electric field along the observation line - human presence
at a small distance from the line
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3.4. Electric field in case of human and a tree presence
Fig. 10 presents map of electric field density distribution in the investigated
region in case of presence of a tree (at 8,5 m distance) and a man (at 13 m distance).

Fig. 10. Electric field map in case of human and a tree presence in a small distance to the line

In Figure 11 is observed substantial field reduction as a result of strong manifested shielding effect of the tree. In the area of the human head the field is much
weaker and reaches a value of 781 V/m.

Fig. 11. Electric field along the observation line - human and a tree presence

4. CONCLUSION
In the present work has been studied electric field impact on the environment in
the vicinity of 400 kV power line. Different environment configurations have been
considered, which differ by the presence and location of people and trees. The
additionally included in the area objects are accounted by domains with different
electromagnetic properties. The time-harmonic field has been numerically studied
using FEM, and for each of the studied options is obtained and analyzed map of the
electric field distribution.
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ABNORMAL ELECTRICITY READINGS IN HIGH VOLTAGE
POWER LINES
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Abstract: In the high voltage power lines 110, 220 and 400kV with a length of 50 to 150 km in some
cases abnormal results are observed, when active power readings are taken, when they are
idle. In those cases the power lines are supplied from one side, while the opposite side is open
and there is no load with readouts on the supplied side that shows that in the supplied side
active energy is entering. Such a phenomenon is physically impossible and requires a study to
show the reasons for its occurrence. We did such a case study by modelling all of the objects
with the corresponding parameters in MATLAB by varying them. We have found that such
conditions where abnormal power readings indeed can occur and confirmed them with
simulations made on a hardware scale model.
Keywords: High voltage distribution lines, Measurements, Modelling and Computer Simulations

1. PROBLEM AND CONDITIONS UNDER WHICH ABNORMAL RESULTS OF ACTIVE
ELECTRICAL POWER ARE TAKEN
In the air high voltage power lines 110, 220 and 400kV with a length of 50 to 150
km abnormal results are observed in some cases, when active power readings are
taken, when they are idle. Power lines are supplied from one side, the opposite side is
open, there is no load on but the electrometers on the supplied side show that in the
supplied side active energy is entering. Such a phenomenon is physically impossible
and requires a study to show the reasons for its occurrence. Part of the problem might
be in the work of the meters, the instrument transformers for voltage and current, the
symmetry of voltages and currents of leakage. The meter’s accuracy is of class 0.2%,
they’re properly connected and are manufactured by leading companies.
High voltage distribution lines mostly operate in a mode in which they’re
connected to the power supply from both ends [1, 2, 3]. There are cases in which the
power is at only one end and the other is open – the power line is in idle mode [2, 3,
4]. Actually, the electrical meters from the power end must show only the losses of
the power line when idle - active and reactive which have a direction from the power
supply to the power line [4, 5]. There are cases in the electricity system of Bulgaria,
and possibly in other systems as well, when the meters show the presence of active
energy when power lines are operating in idle mode with a direction from the power
line to the power supply. The reading of the meters gives a low result, but because of
the ratios of the measurement transformers, the constant values of the electrical
meters are large and the readings of the electrical energy are significant. A study of
the observed phenomenon using modelling and computer simulations is needed.
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2. RESULTS OF THE READINGS OF VOLTAGES, CURRENTS AND POWER
IN REAL/NORMAL CONDITIONS
We have two power lines at 400 kV, called hereinafter first and second and one
power line at 110 kV, called hereinafter third, an analysis of the records of the
electrical meters is made, the records are compared with the records of a standard
electrical meter, and the currents and voltages are registered with digital oscilloscopes. The results were processed with the MATLAB software. The time diagrams
for the voltages and currents of the first power line are given in Fig. 1. The time
diagrams for voltage and current of the second phase of the third power line are
presented in Fig. 2. For all measurements the current is ahead of the voltage. The
circuit is with a predominant capacity. The reactive energy (power) is capacitive [2].

Fig. 1. Voltages and currents of the first
power line, 400 kV

Fig. 2. Voltage and current at second phase
of third power line, 110 kV

Follows the calculated amount of the three phase currents, which leads to a triple
zero sequence currents. The time diagram of the triple current in the zero sequence is
presented in Fig. 3.

Fig. 3. Effective value of the triple current in the zero circuit: 4.8108 mA
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3. PHYSICAL (LABORATORY) MODELLING
The scheme of the analyzed three-phase electrical circuit is given in Fig. 4. The
data and parameters obtained for the third line are shown in Table 1.

Fig. 4. Scheme of the electrical model
Table 1
Z1
ZN
R
C
X

Data for Line 3
R1+jX1
Ω
RN+jXN
Ω

11.512 + j26.699
20.9032 + j80.168

R01

Ω

107320

C01
XC01

µF
Ω

0.5935
5366

U=110000/√3 V
IR01 = 0.5918 A
U=110000/√3 V
IC0 = 11.8354 A

For the Phase transfer capacities, according to summarized data from [4] the
parameters are taken also from [4]. The length of the third power line is 64.1 km.
Cag = Ccg = 9.802[nF/mi]*64.1[km]/1.609[km/mi] = 390.5 nF = 0.390 µF,
Cbg = 9.030[nF/mi]*64.1[km]/1.609[km/mi] = 359.7 nF = 0.3597 µF
Cab = Cbc = 2.206*64.1/1.609 = 83.9 nF = 0.0839 µF => 38 kΩ on 50 Hz;
On 4% active conductivity Rab = Rbc = 38*100/4 = 950 kΩ;
Cac = 0.839*64.1/1.609 = 33.42 nF = 0.03342 µF => 95.3 kΩ for 50 Hz;
On 4% active conductivity Rac = 93.5*100/4 = 2.4 MΩ
Finding the impedance, which should be placed as "ground" in the physical
model, while the impedances of the right and zero sequences are known. Explanations of the book [5] are used and it is obtained that ZN = (Z0 - Z1)/3.
The time diagrams of the recording “b” of the three-phase current are given in
Fig. 5. The recordings of the three-phase voltages (record “b”) are presented in Fig. 6.
The respective time diagrams for Phase 1, Phase 2 and Phase 3 (recording “c”) are
presented in Fig. 7.1, Fig. 7.2 and Fig. 7.3, respectively.
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Fig. 5. Recording of the three phase current
with Tektronix oscilloscope and Hall sensors

Fig. 6. Recording of the three voltages with the
oscilloscope IWATSU and ratio 10:1

Fig. 7.1. Time diagrams for Phase 1

Fig. 7.2. Time diagram for Phase 2

Fig. 7.3. Time diagrams for Phase 3

Conclusions on physical model
1. The voltages are 110000: 400 = 275 lower, but the currents are registered
directly (without Current Transformers) and this makes them close to the real
secondary currents values.
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2. With regards to the small currents – The Hall sensors are designed for currents
of this magnitude and with such a form. In these variables TT for high voltage don’t
give a mistake.
3. The neutrals of current and voltage circuits are connected to ground of the
model in one point and it is connected to “ground”. The error that exists in the real
ВН systems is avoided, where the grounding is mandatory for the measurement
transformers and there are dozens, even hundreds of meters of conductors to the
neutrals of voltage and current circuits of electrometers.
4. Wattmeters can be used with cos φн = 0.1 and it helps to some extent their
reading in cases of very small values of the current for their range - for example, 40
mA for a 2.5 A range.
5. The analyzed options of change of the supply voltages and the model
parameters do not result in a negative reading of the wattmeter.
6. The following reasonable assumption can be made, that the negative readings
of the electrometers when working on power lines HV in an idle mode is due to the
inexplicable like a phase even for class S errors of TT in their work with small nonsinusoidal primary currents.
The physical model of the power line 110 kV at the Department "Electrical
Power" of TU-Sofia, although it is designed for testing of relay protection enables the
simulation of modes typical for electrical meters: small currents, non-sinusoidal
currents, capacitive nature of current to voltage, unbalance in size and phase. Specific
information about the precision class, the relationship between the current error,
angle error and the nominal current associated with the three-phase system is
presented in Table 2.
3.1. Specifics of the work of current transformers with very small primary
currents
Table 2
Precision
class

0,1; 0,2;
0,5; 1

0,2S;
0,5S

Current

Error

Angle
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a) Under 20% the errors are larger and in the case of TT class S.
b) The modular and angular errors change their signs. This may explain the
voltage and current angles greater than 90 °.
3.1.1. In the case of static electrical meters and digital protection it may be
considered to apply the TT with magnetic cores of amorphous magnetic materials
and optoelectronic sensors on electricity.
3.1.2. Additionally might be made studies such as:
a) Electro-dynamic watt-meters with cos φ = 0.1 can be connected in series to the
real electrometers and a comparison can be made in the case of a negative active
electric power.
b) The use of generators for signals with higher harmonics up to the 50th. Such
generators are in the laboratory of EVN-Plovdiv and in the company FrodemimSofia. The recorded already non-sinusoidal signals can be simulated with such
generators. There also can be found standard electrometers with class 0.02%.
Analytical study of the direction of active power in idle mode is made of a power
line 4. For simulation of the three-phase system under analysis the detailed model
given in Fig. 8.1 is used. The power supply voltage and the parameters of the network
are known. The currents and capacities of the three phases are unknown.
The solution is made with the software MATLAB. The voltage of the first phase
varies with 5%, of the second - with 3% and of the third - with 1%. The results
obtained for the powers are shown in Fig. 8.2 and Fig. 8.3, respectively.
The conclusion made after the calculations are done has qualitative character. It
indicates that there may be a change of the direction of the sum of the powers of the
three phases. The vector diagram of the voltages and currents of the analyzed threephase system obtained by the computer simulation is given in Fig. 8.4.

Fig. 8.1. Detailed model of the three-phase system under analysis
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Fig. 8.2. Time diagram of the power for Overhead Line Sakar 400 kV

Fig. 8.3. Time diagram of the power for “Odrin” line

Fig. 8.4. Vector diagram of the voltages and currents of the analyzed three-phase line
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4. CONCLUSIONS
4.1. The study shows that it is possible the electrical meters to give readings of
the active energy directed towards the supply side when the electrical lines work on
idle mode.
4.2. The energy the reading of which is taken in idle mode of power line is
incomparably smaller than normally transmitted energy. The primary currents are a
few amperes in quantity, the ratio of current transformers is very high (2000:1).
4.3. The electrical meters are working on an algorithm that is unknown.
4.4. The currents are non-sinusoidal. If the reading of their phase is done along
the crossing of the zero line, the high order harmonics can lead to errors.
4.5. Usually the neutral of the secondary windings of the measuring transformers
are connected to ground where the transformers are. In the closed systems, there are
several tens of meters to the electrical meters. The conductors in the zero lines are
subject to interferences and high voltages, which might be of high importance in the
cases of small values of currents at idle mode. In order to take correct measurements
of the phase differences between the voltages and currents of each phase, the currents
and voltages must have a common zero point. This requires the following:
a. Neutrals to be connected to ground at the electrical meters themselves.
b. The Electrical meters to be placed in a cupboard next to the measuring
transformers.
The first precaution is in contradiction to some extent with the technical safety
requirements, whereas the second is related to additional investments.
4.6. The change in place of the connection to ground of the specific substations
leads to readings of the electrical meters that were close to the expected ones.
4.7. The Oscillography of the voltages and currents visualizes the shape and
phases of the voltages and currents. The non-sinusoidality of the currents that at idle
mode pass through the "ground" shows that the resistance of the soil is non-linear.
4.8. The theoretical study started in pt. 6 shows the possibility, in the case of lack of
symmetry of voltages, to get measurement at idle mode of active energy in a direction
towards the source. A specific difficulty creates the lack of accurate and detailed
equivalent circuit of the power lines with high voltage. The schemes used in the
calculation of load distribution and short-circuit currents are not comprehensive enough.
4.9. Based on the survey conducted the following recommendations can be made:
a. To legalize the connection to ground of the neutrals of voltage and current
circuits next to the electrical meters.
b. To move the electrical meters in cupboards next to the measurement
transformers
c. To make an additional requirement the workers on duty to record the readings
of electrical meters in the cases of switching off of the circuit breakers for a longer
period of time and a new recording when switched on. If there are abnormal readings
during this period of time, not to take them into consideration [3, 4].
d. Point c. to be programmed in the electrical meters themselves.
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4.10. The study of the work of static electrometers when being in idle mode in
cases of electrical power lines with high voltage involves measurement directly in the
system, physical modeling of the processes and creation of a mathematical model of
the processes.
4.11. In the Electrical Energy Systems, actually is observed a reading of negative
active energy when operating the power lines at idle mode. It has been seen in some
substations in Bulgaria and Serbia.
4.12. The mathematical modeling confirms the possibility when being under a
mode of raised voltage supply and a certain asymmetry, to obtain a negative active
energy using the three phase voltages and three phase currents.
4.13. In the physical modeling, a case of negative active energy occurred.
4.14. Special attention should be paid to the errors of current transformers at low
currents - below 20% of rated current. Enclosed is a sample of the Russian
(international) standard.
4.15. The mathematical model in MATLAB allows for the study of many
variants of change of the power voltage and the parameters of the line.
4.16. The physical model gives a good representation of the voltages, currents
and active powers. It adds data to the records of the real substations, even in terms of
high order harmonics in the phase currents.
4.17. The model study shows that the negative active power is obtained in case
of asymmetry of the parameters of conductors and asymmetry of conductors between
conductors and to "ground".
4.18. The errors of measuring cores of current transformers remain hidden in the
three options of research: directly into the electrical energy system, with mathematical and with physical modeling. For very small currents when the power lines are
on idle mode, even the cores with class S might give deformations of the secondary
currents, which could lead to additional errors.
4.19. The emergence of negative active power at power lines at an idle mode
seems inevitable. The fast and inexpensive solution can be sought in the appropriate
organization of the taking the readings of the electricity. The statical electrical meters
allow for the introduction of special rates and automated changing of their regimes.
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Abstract: At transmitting of digital signals arise distortions between symbols, which to reduce the
speed of transmission of the information. One of the reasons for this is the existence of a transient
process of the channel output. As a result of the transition process each transmitted symbol
influences on the next symbol and changes its shape. In the present work was explored the
conditions where the output of a linear stochastic channel does not arise a transient process.
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1. INTRODUCTION TO THE PROBLEM
An important indicator of effectiveness in transmitting of digital signals is to
provide higher transmission speed to the maximum bandwidth of the communication
channel [4]. A major problem in this respect is the occurrence of transient process on
the output channel in serial transmitting of digital signals. When is observed an
undesirable phenomenon – at the time of transmitting of the next impulse, the
transient process from the previous is not completed. So each transmitted symbol
influences the next and amended its shape, which gives rise to intersymbol interference and distortions.
There are methods and remedies [1, 2, 4] from intersymbol distortions and
limiting the transients processes of the communication channel. This is achieved by
correcting the phase [4], and by optimization of the signal processing at the reception
[1, 4]. Their main disadvantage is the complicated structure of the receiver. Solution
to this problem can be sought by optimizing the shape of the signal in the transmitter
so that at the transmitting in the channel not arise transient process. This will achieve
a higher transmission rate close to the maximum bandwidth of the channel.
The purpose of this work is to investigate the conditions in which in transmitting
of a signal through linear stochastic channel output, did not occur transient process.
2. EQUATION OF THE OUTPUT FOR THE CHANNEL SIGNAL
The mathematical model of linear channel with random parameters (Fig. 1) is [2]:
t2

y (t ) = K ∫ s (τ )h(t ,τ )dτ + n(t ) ,
t1

(1)
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where s(t ) is an input signal of a duration ∆T = t 2 − t1 ,
K is the transmission coefficient of channel which change over time as a
result of multiplicative noise, n(t ) are additive disturbances.
y(t)

h(t ,τ )

n(t )

K

Fig. 1

The linear transformation of the signal is reflected by a linear filter with impulse
response h(t ,τ ) .
The linear channel, as is known [3], describes with a linear differential equation
of the n-th order with constant coefficients a k , bk ( k = 0...n ), certain from parameters
of the channel, of the form:
an

d n x(t )
dt n

+ ... + a0 x(t ) = bn

d m s(t )
dt m

+ ... + b0 s(t ) ,

(2)

where x(t ) is the output signal and m < n .
The impulse response of the channel, described with equation (2), when n number
of different real negative roots ρ k ( k = 1...n ) of the corresponding characteristic
equation, is of the form [3]:

h(t ) =

n

∑ Ak e ρ k t , t ≥ 0

k =1

(3)

where Ak are the integration constants determined from the initial conditions.
The solution to equation (2) (i.e. the channel response of the input impact s(t ) ), is
of the form [3]: x(t ) = x1 (t ) − x2 (t ) , where x1 (t ) is the particular decision (forced
constituent) and x2 (t ) is the free component of the decision.
Considering the fact that the input signal s(t ) is set to a finite interval ∆T , the
solution of (2), must be brought to the form:
x (t ) t ≥ 0 = x1 (t ) 0 ≤ t ≤ ∆T − [ x21 (t ) t ≥ 0 − x2 2 (t ) t > ∆T ] ,

(4)

where x2 (t ) (for t ≥ 0 ) is the free component of the decision of initial conditions,
arising in the communication channel at a time t = 0 , i.e. this are the free fluctuations
of the channel output, created by the leading edge of the signal s(t ) ;
x2 (t ) (for t > ∆T ) is the free component of the decision of initial conditions,
arising in the communication channel at a time t = ∆T , i.e. this are the free
fluctuations of the channel output, created by the trailing edge of the signal s(t ) .
Let the input signal, represented by the inverse Fourier transform is:
1

2
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1 ∞
s(t ) =
S ( jω )e jωt dω , 0 ≤ t ≤ ∆T .
∫
2π − ∞

(5)

Then the output signal, determined by the integral of the Duhamel [3] is:
t

x(t ) = ∫ h(τ )s(t − τ )dτ

∫ h(τ )s(t − τ )dτ

+

t − ∆T

0 ≥ t ≥ ∆T

0

t

=
t > ∆T

t
t
1 ∞
jωt 
− jωτ
S ( jω )e  ∫ h(τ )e
dτ
=
+ ∫ h(τ )e − jωτ dτ
∫
2π − ∞
0
0 ≤ t ≤ ∆T t − ∆T
t > ∆T


 .
 dω



(6)

Considering relationship between the impulse response and the complex
transmission coefficient [3] for linear systems, equation (6) can be written in the
form:
1 ∞
x(t ) =
S ( jω )K ( jω )e jωt dω −
∫
2π − ∞
 1 ∞
,
1 ∞
j ωt
jωt

−
S ( jω )K t ( jω )e dω −
S ( jω )K t − ∆T ( jω )e dω 
∫
 2π ∫

2π − ∞
t ≥0
t > ∆T
−∞



(7)

where K t and K t − ∆T are the current complex transmission coefficient for the
periods t ≥ 0 and t > ∆T .
Comparing equations (4) and (7) it follows that

1
x 21 (t ) =
2π
x22 (t ) =

1
2π

∞

∫ S ( jω )K

−∞
∞

∫ S ( jω )K

−∞

t

t ≥0

( jω )e jωt dω ;

(8)

( jω )e jωt dω .

(9)

t − ∆T
t > ∆T

Considering [3] that the complex transmission coefficient is
∞

K ( jω ) = ∫ h(τ )e − jωτ dτ =
0
∞

∞

0

0

= ∫ h(τ ) cos ωτ dτ − j ∫ h(τ ) sin ωτ dτ = a(ω ) − jb(ω )

,

(10)

at impulse response (3), from (8) and (9) afforded the following equations:
∞
1 a(ω )ρ k − b(ω )ω
x21 (t ) = ∑ Ak ∫
dωe − ρ k t ,
2
2
π0
ρk + ω
k =1
n

(11)
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x2 2 (t ) = ∑ Ak
k =1

∞

×∫

1

π
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×

[a(ω )cos ω∆T + b(ω )sin ω∆T ]ρ k + [a(ω )sin ω∆T − b(ω )cos ω∆T ]ω dωe − ρ
ρ k2 + ω 2

0

k (t − ∆T )

. (12)

The analysis of equations (11) and (12) indicates that transient process of the
channel output will not occur, if the following conditions:
∞
1 a(ω )ρ k − b(ω )ω

π

∫

ρ k2

0

+ω

2

dω = 0 ;

1 ∞ [a (ω ) cos ω∆T + b(ω ) sin ω∆T ]ρ k + [a (ω ) sin ω∆T − b(ω ) cos ω∆T ]ω

π

∫

ρ k2 + ω 2

0

k = 1...n .

(13)
dω = 0 , (14)

By using that
a(ω ) =

S (− jω ) + S ( jω )
S (− jω ) − S ( jω )
; b(ω ) = − j
;
2
2

e jω∆T − e − jω∆T
e jω∆T + e − jω∆T
cos ω∆T =
; sin ω∆T =
,
2j
2

addictions (13) and (14) reach the form:
1
2π

 S ( jω )
S (− jω ) 
+
 dω = 0 ,
ω
ρ
ω
+
j
−
j
k

0 k

∞

∫ρ

1 ∞  S ( jω )e jω∆T S (− jω )e − jω∆T
+

ρ k − jω
2π 0∫  ρ k + jω


 dω = 0 .


(15)

(16)

Considering that
∞
∞
1
1
− ( ρ k − jω )t
= ∫e
dt ,
= ∫ e − (ρ k + jω )t dt
ρ k − jω 0
ρ k + jω 0

equations (15) and (16) are converted into the form:
∞

− ρk t

s (− t )dt = 0 ,

(17)

s(∆T − t )dt = 0 , k = 1...n .

(18)

∫e

0
∞

∫e

− ρk t

0

According to expression (3), relationships (17) and (18) can be represented as:
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∞

∫ h(t )s(− t )dt = 0 ,

(19)

0

∞

∫ h(t )s(∆T − t )dt = 0 .

(20)

0

Therefore, at implementation of conditions (19) and (20) of the channel output,
transient process will not occur.
3. CONCLUSION
In the work is derived the equation of the transition process on the output of a
linear stochastic channel in transmitting of a signal, defined in a given finite interval.
Through the resulting equation are derived conditions, precluding the occurrence of
transient process of the channel output.
Limiting of the transient processes when transmitting digital signals leads to
protection from intersymbol interference and distortions, and is achieved higher
transmission rate, close to the maximum throughput of the communication channel.
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